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THE INITIAL-VALUE PROBLEM FOR
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For the Korteweg—de Vries equation
U+ Uy + Ullyy + Uy, = O,

existence, uniqueness, regularity and continuous dependence results are established
for both the pure initial-value problem (posed on —oo0 < & < o) and the periodic
initial-value problem (posed on 0 < x < [ with periodic initial data). The results are
sharper than those obtained previously in that the solutions provided have the same
number of Ly-derivatives as the initial data and these derivatives depend continuously
on time, as elements of L,. The same equation with dissipative and forcing terms added
is also examined.

A by-product of the methods used is an exact relation between solutions of the
Korteweg—de Vries equation and solutions of an alternative model equation recently
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556 J. L. BONA AND R. SMITH

studied by Benjamin, Bona & Mahony (1972). It is proven that in the long-wave
limit under which these equations are generally derived, the solutions of the two models
posed for the same initial data are the same.

In the process of carrying out this programme, new results are obtained for the latter
model equation.

1. INTRODUCTION

The equation considered here was derived over 75 years ago by D. J. Korteweg and G. de Vries
as a model for long water waves propagating in a channel. The significance of their ideas went
more or less unappreciated for several decades. This can be traced in part to an inadequate
description of their work by Lamb in his monumental treatise on hydrodynamics. The appear-
ance of the same equation derived as a rudimentary model for waves in a number of diverse
physical systems has awakened the interest of physicists and mathematicians. It is now generally
understood that the Korteweg—de Vries equation, or other comparable model equations, can be
expected to appear as describing to the first approximation the behaviour of unidirectional long
waves in nonlinear dispersive media. An account of the general ingredients of the derivation of
such model equations together with further references to their derivation in specific physical
situations is presented in Benjamin, Bona & Mahony (1972, § 2). A wealth of additional material
may be found in the review articles of Benjamin (1974), Jeffrey & Kakutani (1972), Miura (1974)
and Scott, Chu & McLaughlin (1973).

Considerable stimulus to the study of the K.-dV. equation was provided by the research of
a group at the Plasma Physics Laboratory of Princeton University. They built on earlier work of
Whitham (1965) and Kruskal & Zabusky (1965), obtaining very interesting results, some of
which are used here. An account of this work can be found in a series of papers collectively
entitled ‘Korteweg—de Vries equation and generalizations’ which is referenced in the biblio-
graphy (cf. Gardner, Green, Kruskal & Miura 1967; Kruskal, Miura, Gardner & Zabusky
1970; Kruskal & Miura 1974; Miura, Gardner & Kruskal 1968; Gardner et al. 1974).

Rigorous existence theory for K.—-dV. was begun by Sjéberg (1967) in an Uppsala University
Computer Science Department report. For spatially periodic data with three L,-derivatives
Sjoberg (1970) proved existence of solutions to the K.-dV. equation which have three L,-
derivatives. For the same problem, Teman (1969) has shown existence of weak solutions corre-
sponding to periodic initial data with one or two L,-derivatives, while the later results of
Tsutsumi & Mukasa (1971), when specialized to K.-dV., imply existence of solutions with
m L.-derivatives corresponding to initial data with m Ly-derivatives, m > 1. For the case of
primary interest here, the pure initial-value problem posed on the entire real line, Kametaka
(1969) has announced results in which the solutions had three less L,-derivatives than the initial
data. Again for the pure initial-value problem Tsutsumi, Mukasa & Iino (1970) have announced
results (subsequently established by Tsutsumi & Mukasa 1971) for a generalized K.-dV. which
when specialized to K.—-d V. itselfimply existence of solutions with m L,-derivatives corresponding
to initial data with m Ly-derivatives, m > 1. The top three spatial derivatives proven to exist may
be discontinuous functions of time however. Dushane (1971, 1974) has discussed a related class
of third order nonlinear evolution equations in which the solution proven to exist has the same
number of L, derivatives as the initial data. He must assume his initial data has six L,-derivatives
before he obtains any solution at all and his results exclude the K.—dV. equation. Tsutsumi (19772)
and Mukasa & Iino (1971) have also given existence theories for various generalizations of the
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INITIAL-VALUE PROBLEM FOR K.-pV. EQUATION 557

basic K.—~dV. equation. Menikoff (1972) has proved existence of unbounded solutions of K.-dV.
His results are not strictly comparable to ours, and he does not make plain what function class his
solutions lie in, but he appears to need conditions on the first seven derivatives of the initial data
in order to establish existence of solutions. None of the above work gives consideration to the
question of continuous dependence of solutions on the initial data.

The method of proof presented here is to regularize the K.-dV. equation by the addition of
s €stablish results for the regularized problem and then pass to the limit
¢ 0. Itisinferred that if the initial data has s > 2 L,-derivatives then corresponding to the given
data there exists a unique solution (in the sense of distributions) which has s > 2 L,-derivatives,

the linear term —eu

all of which depend continuously on time. (In fact, as is shown in appendix A, existence can be
proved even for initial data which is in L, and has only one L,-derivative.) In particular, it is
only required that the initial data has four L,-derivatives in order to ensure existence of a classical
solution to the problem (by which is meant a function for which all derivatives expressed in the
differential equation exist and are continuous and which satisfies the equation pointwise).
Against these positive results, however, we must set our failure to control the solution in C§
function classes.} Examination of the related linear problem

Up+Uppe = 0, u(x, O) = g(x)

seems to hold out little hope of being able to control the solution in C§ except by controlling £+ 1
Ly-derivatives (cf. Benjamin ¢f al. 1972, p. 56). In this latter aspect, the K.-dV. equation is not
as satisfactory mathematically as the alternative model equation

Ug + Uyt Uty — Uy = 0, (1.1)

proposed in Benjamin ¢t al. (1972), which does allow direct control of solutions in C§.

The regularization chosen may at first sight appear peculiar. Certainly the regularization
+ €Uy, used first by Temam for K.~dV. and later by Dushane for a broad class of one dimen-
sional evolution equations, appears to be more attractive in that it clearly guarantees good
properties of solutions of the regularized equation. A price to be paid in using this regularization
is that at least weak control of the fourth derivative must be established. Regularizing with a lower
order term might well be preferable provided reasonable solutions for the regularized equation
can be shown to exist. An examination of the ‘dispersion relation’ for the linear terms in our
regularization seems to indicate ‘on physical grounds’ that smooth solutions should obtain
(cf. Benjamin et al. 1972, § 2 for the definition and a discussion of dispersion in the context of
one dimensional long-wave models). It turns out that this heuristic reasoning, based on con-
sideration of the linear dispersion for the regularized problem, can be put on a firm mathematical
base.

A bonus of proving results for K.~dV. by using the regularization suggested here is that the
regularized equation can be used to throw some light on the question of whether K.-dV. or the
equation (1.1) provides a ‘better’ model for long waves in nonlinear dispersive media. It is
demonstrated that in the long-wave limit where amplitude is taken to be inversely proportional
to the square of the wave length, which is the usual assumption made in deriving K.-dV., the
solutions to K.-dV. and to (1.1) corresponding to the same initial data lie very close to each other
(in a sense to be made precise, but which certainly implies the solutions are pointwise close

T CE = {k times continuously differentiable functions which are bounded with their first £ derivatives on R}.
64-2
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558 J. L. BONA AND R. SMITH

together). This result seems to indicate that at least for the pure initial-value problem or the
periodic initial-value problem posed for the purposes of modelling genuinely long waves, con-
siderations other than the modelling properties should guide in choosing between K.-dV. and
(1.1). For example, in computing numerically, (1.1) appears to be easier to stabilize for long
waves of small amplitude (cf. the remarks by Benjamin ef al. 1972, §2, and the recent work of
Hammack 1973 and Wahlbin 1974). Whereas for theoretical considerations, it might be con-
venient tohave available the very considerable arsenal of formalism developed recently for K.-dV.
(cf. Miura et al. 1968, Kruskal et al. 19705 Segur 1973).

The plan of the paper is as follows. In §§ 2-7 attention is restricted to the technically more
challenging case of the pure initial-value problem posed on the entire real line. For the case of
periodic initial values, defined on [0,/] say with periodic boundary conditions imposed, the
proofs are the same except some simplification is possible due to the boundedness of the under-
lying spatial domain. A discussion of the periodic case is included in appendix B. In §§2-7, an
effort has been made to prove the results by using as little as we could of the techniques of modern
functional analysis in hopes that the theory presented would be accessible to scientists interested
in problems of wave propagation, but not well acquainted with the latest mathematical tech-
niques. In appendix A, it is shown how an existence theory can be deduced rather more
efficiently using weak compactness and interpolation ideas.

2. STATEMENT OF THE PROBLEM AND PRINCIPAL RESULTS
First remark that by changing to a set of coordinates moving with the wave, the initial-value
problem for the Korteweg—de Vries equation

Uy + Uy + Uty + Uy, = 0, (2.1)

can be put in the slightly simpler form
U+ Uty Uy, = O,} (2.2)

u(x, 0) = g(x),

for 120, —o00<x<o0.

As usual, denote by L, = L,(R) the Hilbert space of measurable real-valued functions defined
on R which are square integrable. Here R denotes the real line. For integers s > 0, let /¢ = H%(R)

be the Sobolev space (feLy: f0 = d%Jdx*eL, 1 <k < s},
normed in the standard way 112 = % f N | fO(x) |2 dx. (2.8)
j=0J —

Thus H® = L,, and the norm in L, will be denoted simply by || ||, omitting the subscript. By using
Plancherel’s theorem to express this norm in the Fourier transformed plane, there emerges the
useful form

T Y S IO

where f denotes the Fourier transform of f.
In order to describe the evolution of the spatial structure, the following Banach spaces are
needed. For T a positive real number or +co, and non-negative integers s, the space
% = C(0, T; H%) consists of the functions u: Rx [0, 7] - R which, for each ¢€[0, 7], have
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u(+,t) e Hs, and for which the mapping u: [0, 71— H* is continuous and bounded. % will
usually be written simply 5 ;. The norm on 5#% is

[l ey = [lellls = sup Ju(:,8)]s
0<t<T
For integers £ > 0, there is likewise defined C*(0, T'; H®) = k as the functions u € J#% such

that 0jue #% for 0 < j < k. The norm in this case is
Il sy = Ul = sup sup [[fu(:, O]

0<t<T 0<j<k
Thus H#5° = #%. A few simple properties of these spaces are summarized in the following
proposition.

Prorosition 1. For integers s > 1 and £ > 0 the following results hold.

(a) feHs=f,f',...,f¢ 1 are bounded uniformly continuous functions which converge to 0
at +o0.

(b) figeHs=f-geH.

(¢) ueH#$* = 0jdtu is a bounded continuous function on R x [0, 7] (uniformly continuous
on bounded time intervals) which converges to 0 as x — + 0o, uniformly for bounded time intervals,
for0<j<s—1,0<I<k

(d) u,ve %k = u-ve %"

Remarks. Properties (a) and (5) above are standard results which can be found in many text-
books.T Properties (¢) and (d) are straightforward generalizations of («) and ().

Notation. Throughout the remainder of this paper the Sobolev norms of a function # of both
spatial and temporal variables will always be applied to the spatial variables. Because of this
uniformity, the simpler but less precise notation ||, will be used instead of |u( -, ¢)|; throughout.
An analogous convention will be used regarding the L, (R) norm of a function z of both spatial
and temporal variables.

It is obvious from the differential equation that differentiating a solution with respect to time
reduces the regularity in the spatial variable by three x-derivatives. Hence it is natural to define
the following space of functions. For integers s > 0,

, Lop =P NHF> 0 HT20 ... (2.4)
That is, X, p = {ucH%: due 5™ for | such that s— 3/ > 0}.

With this notation in hand, the principal results for K.-dV. can be stated. These serve to define
the aims of §§ 3—-6 and appendix A. Results corresponding to weaker assumptions on the initial
data are also given in appendix A.

TueoOREM. Let g€ H*, where s > 2. Then there exists a unique solution z €%, ., to the initial-
value problem (2.2) which depends continuously on the initial data.

In the above result, if s < 3, then the term ‘solution’ connotes a solution in the sense of distribu-
tions. If s = 3, then all the relevant derivatives exist almost everywhere and the equation is
satisfied pointwise almost everywhere. If s > 3, the derivatives expressed in the K.-dV. equation
all exist and are continuous, and the equation is satisfied identically. That is, the solution is
a classical solution of the initial-value problem. The continuous dependence result alluded to
above will be spelled out more precisely in § 6.

1 Cf. E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Mathematical Series No. 30,
Princeton University Press, Princeton, 1970.
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560 J. L. BONA AND R. SMITH

3. EXISTENCE OF SOLUTIONS OF THE REGULARIZED
INITIAL-VALUE PROBLEM

Consideration will be temporarily given to the initial-value problem

(3.1)

Uy +Uutdy + Uy — €Uy = O,}
u(x, O) = g(x),

forxeR, t > 0 and fixed ¢ in the range 1 > ¢ > 0 say. Changing the dependent and independent
variables as follows o(x, ) = eu(ed(x—1), eht), (3.2)
transforms the problem (3.1) into the initial-value problem

Vg +Up+ 005 —Vppy = 0, }

(%, 0) = h(x) = eg(etx), (3.3)

for xeR and ¢ > 0. For € fixed and positive, 4 is of the same function class as g and hence the
existence and regularity theory for the initial-value problem (3.3) developed by Benjamin et al.
(1972, § 3) may be used to advantage. The result is stated first in terms of the model system (3.3).
The statement given here, which takes account of the L,-properties of derivatives of order higher
than one, provides a slight extension of the results derived in the last quoted reference. The
essentials of the proof of this extension are included below.

Lemma 1. Suppose se H™ where m > 2. Then there exists a unique solution u of the initial-
value problem (3.3) which is in 5#%, for all finite 7" > 0. Furthermore, forj > 1, 0ju e s#3*, for
all finite 7" > 0.

Remarks. If m > 2, each term in the differential equation in (3.3) is a continuous function of
x and ¢, and u satisfies the equation pointwise. That is, # is a classical solution to the initial-value
problem. For m = 1, the result still holds, but « only satisfies the differential equation, for each ¢,
pointwise for almost every x. '

Proof. Since m > 2, the hypotheses are sufficient to imply the results of theorem 1 of § 3 and
theorem 4 of §4 of Benjamin ef al. (1972). We may certainly conclude that (3.3) has a uiique
solution zwhich in particular lies in the function class #%,. Further, asin Benjamin et a/. (1972,§ 3),
u satisfies the integral equation derived from (3.3) by inverting I — 02, integrating by parts, and
then integrating up in time:

u(x,8) = h(x) +f:f:o K(x—y) {u(y,7) + $u(y, 7)*} dy d7, (3.4)

where K(z) = {sgn(z) e

From this representation of «, it follows by induction that, for any finite 7" > 0, u € # 7. Assuming
that u € #}, for some j with m > j > 1, one sees from the representation (3.4) that

t @
03y = pU+D +f [a;(u + 3u?) — f Le o9 (u+ Ju?) dy] dr. (3.5)
0 — o
The right hand side of (3.5) is in S, since u, and hence u? by proposition 1, is in #%. Thus

ue H} and 0itlueH;,, whence ue #t. Then ue#F, and the induction cannot proceed
further since % cannot be differentiated further. Note that if m > 1, we do not assert u € #™ since
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the relations derived do not allow us to bound the growth in time of derivatives of order higher
than one uniformly for all time.
If (3.4) is differentiated with respect to time, it appears that

U = K(x—y) (u+%u?) dy. (3.6)
An easy calculation from the Fourier transform shows that convolution with X maps H™ con-
tinuously to H™+1, and so s to 4 *1. Thus it follows that u, € #1. We finish by proceeding
inductively from (3.6). Assuming that 0jue 3" for j < s, where s > 1, write

ity = on K(x—y) 0f(u+ $u?) dy.

By proposition 1, 0f(« + $42) € #7%. Hence the mapping properties of convolution with K alluded
to above allow the conclusion 0§*1u € 5%, The proof of the lemma is now complete.

The second lemma is a corollary to this result and the transformation (3.2) between the two
initial-value problems (3.1) and (3.3).

Lemma 2. Suppose ge H™ where m > 2. Then there exists a unique solution # to the
regularized K.-dV. equation (3.1) with initial value g which lies in #% for any finite 7" > 0.
Furthermore, for 0 < I < m, dtue #3 for any finite T > 0.

CoroLrrARyY. Let g be a C* function all of whose derivatives are in L,. Then there exists a unique
C= solution # to the regularized K.—-dV. equation (3.1) which, with all its derivatives, lies in
Hp for any finite T > 0.

4. DERIVATION OF 4 PRIORI ESTIMATES FOR SOLUTIONS OF THE
REGULARIZED INITIAL-VALUE PROBLEM

Roughly speaking, the last result of § 3 shows that the regularized K.-dV. equation has smooth
solutions corresponding to smooth initial data. As is not uncommon when dealing with partial
differential equations, the heart of the theory lies in the derivation of @ priori bounds which
smooth solutions must satisfy. The derivation of these bounds will be undertaken in the present
section. Use is made of the first three non-trivial invariants for K.-dV. discovered by Miura et al.
(1968), adapted to the regularized problem, and of some integral inequalities for solutions of the
regularized K.-dV. equation. Note, incidentally, that we cannot avail ourselves of the bounds
for the problem (3.3) because the inverse of the transformation (3.2) becomes singular at ¢ = 0.
Hence bounds must be derived directly in terms of the regularized K.-dV. equation (3.1).

Throughout this section, the initial data g for (3.1) is assumed to be a C* function all of whose
derivatives are in L,. The set of all such functions will be denoted H®. Then u will denote the
unique solution of (3.1) for the initial data g guaranteed by the corollary to lemma 2. By the
corollary to lemma 2, z and all its spatial and temporal derivatives lie in &7, for all finite 7" > 0.
The € in (3.1) is still restricted to the range 0 < € < 1.

ProrosrTion 2. The solution # of (3.1) corresponding to g given in H® satisfies the inequality

lelx < a(lg]l ), (4.1)

for all ¢ > 0, independently of € in (0, 1], where a: R+ Rt is continuous, monotone increasing
with a(0) = 0.
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Proof. Multiply the regularized equation (3.1) by « and integrate over R and over [0, {]. After
appropriate integrations by parts and allowing for the fact that z and all its partial derivatives
tend to 0 at + oo, there obtains, for all ¢ > 0

f 7 [ 0) et )] d = f " Le(®)?+eg'(x)7] dr. (4.2)

Next multiply the regularized K.-dV. equation by u?+ 2u,, and again integrate over R and
over [0, ¢]. Making use of the identity

1 0 0
—éf Ul dx = — f U U AX

-— 00

derived by multiplying the regularized K.-dV. equation by #,, and integrating by parts, one
finds that for all £ > 0,

| m-peras = [ g2 e s (3)

The relations (4.2) and (4.8) combine to give the desired result. For from (4.2) it follows that,

independently of ¢ in (0, 1], 14 < lell (4.4)
Then by using the elementary] inequality

sup| f(0)] < (WILFDE < I (4.5)

for fe HY, there is derived from (4.3) and (4.4) the inequality

fw ugdx=.§f°° u3dx+fw [¢'(x)?—1a(x)%] dx

— 0

N

%—sup|u!f u2dx+f g’(x)2dx+%sup!g|f gdx
—_0 — 0 zER —®

ZER
Bl lul®+1g7]> +3llel Nl ®
Hlulallelt+Nell3 +3lgli:
Hence independently of ¢ > 0 and € in (0, 1],

<
<

ol = 7 +azax < ulalelz+(2lels +Hleld),

from which there follows immediately, upon solving the quadratic inequality in |u|, above, that
P q q y 1
independently of ¢ > 0 and ¢ in (0, 1] lull, < a(el)
L 1/»

where a: Rt — R+ is continuous, monotone increasing with a(0) = 0.

The bounds derived in proposition 2 above are sufficient to conclude existence of weak solu-
tions of K.—dV., using arguments given in appendix A. Further a priori estimates are required,
however, to establish existence of smooth solutions and in the task of comparing the K.-dV.
equation with the model equation (1.1).

o0
1 The first inequality follows from representing f2(x) = f - j Jf’, bounding the integrals by f 1S

and then applying the Cauchy—Schwarz inequality. The sccond inequality follows from the trivial relation
ab < a2+ b2 (The factor of % is eschewed for the sake of tidiness.)
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As will appear below, the next stage in the derivation of a priori bounds is the most difficult.
Here is a simple and useful corollary of proposition 2 which follows immediately from (4.5).

CororrLArY. The solution # of the regularized K.-dV. initial-value problem (3.1) corre-
sponding to a given g € H® satisfies
sup |u(x, )| < a(|g]1), (4.6)
TER, =0
where a is the function in (4.1) of proposition 2.
ProrosiTioN 3. Let 7> 0 and ge H® be given. Then there exists ¢, = €,( T, | g||s) such that
the solution # of (3.1) corresponding to ¢ and any € in the range 0 < € < €, satisfies the inequality

ez < au(llglls) (4.7)

independently of £in [0, T'], where a,: Rt — R* is continuous monotone increasing and a,(0) = 0.

Proof. A lengthy calculation (multiply the regularized equation by u® + 3u2 + 6uu,, +18u,,,.)
gives the following identity.
d ©

[ee]
5 [Bu2, — Buu? +Ju*] dx = eJ‘ [4® + Bul + 6uuy, + 2By ] Uy dx.
—00

-

This can be put in more illuminating form by a few integrations by parts.

-g—t [(2 — Bew) u2, — Buul + }ut + Jeud,, | dx = —¢ f [Bugu2, + BuPu,uyy + 6uyu,,u,,] dx.  (4.8)
Hence define V() = f [(2 - 3eu) ul, — Buud + Jut + 2eul,,] dx,

and integrate (4.8) over [0, ¢] to obtain
i 0
V() = V(0)—e f f [3u,42,, + 3uPu, iy + Gy, ] dudr. (4.9)
JO0J —0

From the corollary to proposition 2, « is bounded for all x and # in terms of | g||, as in (4.6). Thus
there is an €¢; > 0 such thatif 0 < ¢ < e, then

B3> 1. (4.10)
So in the range €, > € > 0, the identity (4.9) yields the following integral inequality.
[ tade < [ 160 s00) 2 + 1+ )

<VO+3[" (Jul lul®) ds

t (oo
+ ef f | Bug iy, + BuPuytyy + 61yt Uy dx dr. (4.11)
0J —o0

The first two terms on the right hand side of (4.11) can be bounded, independently of ¢ in (0, ¢,],
in terms of the A3 norm of the initial data g as follows. If ¢ < ¢,, then by using (4.10) at¢ = 0 and
(4.5) twice, ©
V(o) = f [(3 —3eg) 8" —3gg™ + 1g* +3eg"?] dx

< j_w [135"2+ 3 |g|,g™ + }]g| 2 &2 + eg”?] dx
< 13 g3+ 3l gl2 + Hleld + 2erl el (4.12)

65 Vol. 278. A.
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564 J. L. BONA AND R. SMITH

Similarly, again making use of (4.5),

37 (ul el ds < 3 [ uzas
< 3lult (4.13)

and the latter quantity is bounded in terms of only the Hnorm of g, by proposition 2. Letting C
denote a constant, depending monotonically as it happens on the A3 norm of g, which bounds
the first two terms on the right hand side of (4.11) and estimating further the remaining integral
on the right of (4.11) leads to

|7 e < Core [ (bl 310l il Yl + o Pl dr, — (8.19)

where 1l = sup |f(x)]. (4.15)

Since ||u/|; and || ., are known from proposition 2 and its corollary to be bounded in terms solely
of || gll; independently of e and ¢ > 0, (4.14) implies the following inequality.

g < C-+C . (lulaluls il + Dl il )

Here C denotes constants independent of ¢ < ¢; and ¢ > 0, but dependent on | g||ls. Writing for

short
. . A = A(t) = [uf2, (4.16)
the last inequality comes to

40 < CeC [ (o () e + Il el A7) . (8.17

In order to make use of the last inequality, some estimates of time derivatives of « must be
derived. To this end, differentiate the regularized equation with respect to ¢ Letting v = u,, this

is written as
v+ (m))z FVppr — Vst = 0.

Multiply this equation by » and integrate over R. After a few integrations by parts, there emerges

d%fw (¥ +evf)dx = —jw u,v? dx.

— — o

Now integrate the last relation over [0, £] to obtain
f:) (43 +euly) dx = f iow [ (%, 0)2 + euyy(x, 0)2] dx ——f:ffw uui dxdr.
Define B = B(i) = f :0 (1 +euy) dx. (4.18)
Then the last relation gives the integral inequality
B (1) < B*(0) + j : It B2(r) dr. (4.19)

The estimates (4.17) and (4.19) are extended by the following elementary inequalities.
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INITIAL-VALUE PROBLEM FOR K.-pV. EQUATION 565
Lemma 3. In the above notation, the following inequalities are valid:
@) fudo < e tB(),
(1) Jell < (el luaal)® < CA(R)3,
(i) [z < e 2B(),
where C depends on | g||;.

Proof (of Lemma). (iii) is trivial and (ii) follows from the first half of (4.5) applied to u, and
the bound on ||u,|| implied by (4.1). For (i) use (4.5) and the elementary inequality ab < a®+ 52

g% < Nl et = €3] (63|t
< g + elun 7] = 672 B(0)%

Taking the square root gives (i) and concludes the proof of the lemma.

From the results of lemma 3, (4.17) and (4.19) yield the following coupled system of integral
inequalities. )
A2(t) < C+eC f [c-1BA? + ¢~} B+ e~} BAR] dr,
" (4.20)
B(t) < B*(0) +CfOA%B2 dr.

The next task is to obtain a bound on B(0) which depends only on the initial data. This calcula-
tion is the subject of the next lemma.

LemmA 4. Let ge H*® and let « be the corresponding solution of the initial-value problem (3.1)
for the regularized K.-dV. equation. Then

B(0) < el gl +1). (a2

Proof. Multiply the regularized equation by #; and perform one integration by parts to derive
the identity

B(t) = —~fw Uy (Ul + Uygy) div (4.22)
< B(2) [[uf (||l + 1)
Cancelling B(¢) in (4.22) gives an estimate for B(f):
B(t) < [luls(lluf+ 1),
which at ¢ = 0 yields the required bound (4.21).

Thus again letting C denote constants dependent only on | g||;, for £ < 3, and not on 7 or ¢ in
(0, 4], the system (4.20) becomes the following coupled system of integral inequalities.

t
42 < CeC f (c-}BA® 4 6-4B 4 c-}BAY) dr,
0

i
B < C+C f AbB2dr,
0

65-2
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566 J. L. BONA AND R. SMITH

Upon defining the new dependent variable D?(f) = A2%(¢) + 1, the above formulae imply

t
D? <C+6iC f BDzdr,
"’ (4.23)
B < C+0f DB2dr.
0

There is a particularly convenient form in which to write the constants in (4.23). The claim is

that (4.23) implies % \4 sy [t

D% < +e%7 D2Bdr,
0

1—¢b

2 t
st( b ) +2—7f DB2dr,
% Jo

1—¢t

(4.24)

where a, £, v do not depend on € < ¢, provided ¢; < 1 which is henceforth assumed. (First choose
€; < 1in accordance with the previous restrictions (4.10), then choose «, g sufficiently large, and
finally choose v sufficiently large. Since the constants Cin (4.23) can all be assumed to depend
monotonically on || g5, then without loss of generality, a, # and y do as well, though this is
not crucial in what follows.) Now define Dand B by

D2 — (% ! %ﬂ/ t"z“
D (1_6%) +eb= ODBdT,

_ 2 t
Bz:( g )+2_7’f DiBdr.
1—65 o 0

(4.25)

Then by their construction it is always the case that D < Dand B < B, for all ¢ > 0. But D and
B can be determined explicitly as

- a 2 pert
D= (=fre) » 2= (Feren) (4.26)

If e, is chosen so that 1—e§e?” > } say, and €, = min (&, &,), then since v depends only on | g,
€0 = €o( T, | g| 5). Further, if 0 < € < €, (4.26) then shows explicitly that D and B are bounded on
[0, T, independent of € < €, with a bound depending only on 7" and the H®norm of the initial
data. Thus ||4,|| and |u|, are seen to be bounded on [0, T], independently of ¢ in (0, ¢,]. Note in
particular from the explicit form of D that because the constant ¢ depends (monotonically)
on | g5 at least for € < €;, we can now write ||u], < a,(|| g|ls) on [0, T'] for € in (0,€)] where
a, is continuous, monotone increasing and a,(0) = 0. It is worth note that for all ¢ > 0,

fim sup ug| < & = a(llg]s). (4.27)

The final stage of the derivation of a priori bounds is the bounding of derivatives of order higher
than 2.

Provrosition 4. Let 7' > 0 and ge H*® be given. Let ¢, be as in proposition 3. Then for ¢ < €,
the solution u to the regularized initial-value problem (3.1) is bounded in #%, for all m > 3,
with a bound depending only on T, ¢, | g|,, and €| g| 1

Proof. The argument is made by induction. It is known from the last proposition that u is
bounded in #% with a bound depending only on 7, ¢, and | g||s. Let m > 2 and suppose induc-
tively that u is bounded in 5#%~! independently of ¢ in (0, ¢,] with a bound depending only on
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INITIAL-VALUE PROBLEM FOR K.-pV. EQUATION 567

T, €, and || g||,,- It will be shown that « is then bounded in #7% with a bound depending only
on T, €, | g||l» and €% g];n4q- (This allows the induction to commence with the already obtained
#% bounds and yet still gives the desired bounds on « in J#% in terms of | g|,, and €] g| 41

Introduce the notation
ugy = O%u

for spatial differentiation. Multiply the regularized equation by u,,, and integrate over R.

Integrating by parts appropriately yields

d =] =)
G|t reatumlds = =7 @ ugnds. (4.29)

Now use Leibnitz’ rule to expand the first term in the integrand on the right hand side. Since u is
known to be bounded in %1, independently of € in (0, ¢,], it follows that

(4.29)

where C = C(T ¢, " g“m)
The right hand integral in (4.28) can be estimated as follows.

© © m—2
2 2
J (u2) (m+1) %m) dx = f [00 Ulh(y1.7) Uiy) F €1 U Uiy + U 22 Cpll) U y1—) + U —1) u(m)] dx. (4' 30)
-0 r=

The last term in the right hand integrand of (4.30) only occurs in the case m = 3, and since it is
a perfect x-derivative, it integrates to 0 in any case. Hence it is ignored in the following. The
first term on the right of (4.30) is conveniently integrated by parts,

f Ul ) Uiy AF = — QJV Uy Uiim) dx,

— — 00

and then combined with the second term in the same integral. Sincem > 3, ||4,||., < Cfrom (4.29).
There follows the estimate

d © © m—2
Tl [Ufm) +€Ufnin] dr < C f i Uy dx + P 77 [ 7 7

<CJ°° uf‘m,dx+()[fw u%m,dxrs(}(fw u%m,dx+1).

Define E.,(t) = f_ (Ui, + €U 1] da.

Then the last inequality implies
dE,/dt < C(E, + 1),

from which there follows immediately that for ¢ > 0,
E,(t) < E,(0) et +eCt—1,

independently of € < ¢, and ¢ in [0, 7°]. The bound for E,,(¢) is seen explicitly to depend only
on | g||,, and €?| g||,,.1 since C depends only on | g|,, and

En(0)2 < || gl + X gllmra-

Thus | 4,| < E} is bounded on [0, 7], and hence # is bounded in #7%, independently of € in
(0, €,], and the proposition is proved.
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CoroLLAry. The solution « to the regularized initial-value problem (3.1) corresponding to
a given ge H® is bounded in #%', independently of € < €, for all £, [, and T > 0.

Proof. This follows from the last proposition by judicious use of the regularized differential
equation. Specifically, write it in the form

(1—€02) uy = —uny— ty,,.

Invert the operator 1 —¢ 02, as in lemma 1, to come to the expression

Uy = — Ke * (uuw + uxwx);

where I%e(/c) = (1+ek?)~L. A simple estimate in Fourier transformed variables shows that if
Ve #'}, then K +V is bounded in % independently of ¢ > 0. Therefore since for each m > 0
the right hand side of the last display is bounded in 2%, independently of € in (0,¢,], so u, is
bounded in S for each m > 0, independently of small enough €. This shows that 0%, is bounded
in 7, for each k > 0, that is u is bounded in ! for each m, independently of ¢ in (0, ¢,].
A straightforward induction argument now finishes the proof.

5. CONVERGENCE OF THE APPROXIMATIONS

In this section the behaviour of solutions of the regularized K.-dV. equation as ¢ 0 is con-
sidered. It is shown that strong convergence to solutions of the pure initial-value problem for
the K.-dV. equation obtains. The method of proof is elementary. Given initial data ge H¥,
where k > 3, first regularize g by convolution with a smooth function (an approximate identity).
Then pose and solve the regularized K.-dV. equation for this smoothed data. Finally it appears
that the solutions obtained from this process form a Cauchy sequence in the appropriate function
space, and hence converge strongly. The limiting function is then a solution to the initial-value
problem for the K.—dV. equation. The starting point is a few preliminary lemmas which will set
the stage for the main result.

Let ge Hswhere s > 3 and let € > 0. Define a regularization g, of g as follows (here, as before,
f denotes the Fourier transform of )

8o(k) = o(c¥k) &(k), (8.1)
where ¢ is an even C* function, with 0 < ¢ < 1 everywhere and ¢(0) = 1,such thaty(k) = 1 —¢(k)
has a zero of infinite order at 0 and such that ¢ tends exponentially to 0 at + co. Such functions
are abundant. For example, ¢(k) = e~9® where g(k) = k2e~V*" has the desired properties. It is
immediate that g.e H*. Hence there is a unique C® solution u,(x,t) = u(x, f,€), all of whose
derivatives lie in 7 for all 7' > 0, to the regularized K.-dV. equation with regularized data g,:

Ug + Ul + Uy — Uy = 0:}
u(x3 O) = ge(x)

Here is a simple result giving bounds on various norms of g, in terms of norms of g.

(5.2)

Lemma 5. Let ge Hewhere s > 3 and let g, be the smoothed version of ¢ defined in (5.1). Then
as €4 0, ’ )
[ &ellsss = O(e¥) for j=1,2,...

lg=gllos =o(e¥) for j=1,2,... (5.3)
[ g—glls = o(1).
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INITIAL-VALUE PROBLEM FOR K.-pV. EQUATION 569

Furthermore, the first bound holds uniformly on bounded subsets of H%, and the last two bounds
hold uniformly on compact subsets of H*. The second bound holds uniformly on bounded subsets
of Hsif o(e¥) is replaced by O(e¥).

Proof. This is an easy calculation in the Fourier transformed variables.

et g |24s = 6%1f°° [14+A2 ... +E2e40] |2 (K) |2 dk

—w 14... k2

T o i
[6%’W @2(6*@] I &l

- f ” [e}iw@ﬁ(eé‘k)] [1 ... +45] |2() |2 dk

< sup

keR

Letting K = etk and y = ¢}, the last inequality can be continued more transparently. Since
0<e<1,500<vy<1 Hence

) A+ (K2y)st
Yo |2, . < g? i 2
€3] g3 5 "g"sIscuefl"R'y T+..+ (Ky) ¢*(K)

i 4 ... 4 K28+
V.. + K3

<[elssup |- |,
K eR

Estimating separately the ranges |K| < 1 and |K| > 1 leads to the bound
e gdlrs <[ gl3s+7) sup {1+ K¥X(K)}.

That iS, 6%7‘” ge"sﬂ' S C"g“s:

where Cis independent of g and of e. This establishes that the first bound in (5.3) holds uniformly
for bounded subsets of H*. The third conclusion must be handled a little differently. First note
that if ge H¢, then ©
lg—gdz= [~ wreH) [k o] (5.4)

As € 0, the integrand tends pointwise to zero almost everywhere. Further, the integrand is
bounded above by the integrable function
(LR %) |8(K)|2

Hence Lebesgue’s dominated convergence theorem applies and we may conclude || g — g/~ 0
as €4 0.
Second, note that to demonstrate the uniformity on compact subsets, it is enough to show that

gn—>gin Hé = | g, —g,ls—>0ase| 0 uniformlyfor n=1,2,.., (5.5)

since sequential compactness is equivalent to compactness in a metric space.
To prove this, let y > 0 be given. It is required to find an ¢, > 0 so that if 0 < € < ¢, then
| €ne—gulls < ¥ for all n = 1,2, .... Notice that for all

I gne=2dt =11 (ga=2)*
=7 pre) (k) 2 8) — 28

<7 (k) |8 2Bk = | el (5.6)
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Hence to verify (5.5), choose N so large that if n > N, then | g, —g||; < 4. Then choose ¢, so
small that | g, —gx|s < 3y for 1 <k < Nand | g,—g||s <}y, for ein (0,¢,]. Then certainly

” gne“'gn”s <% (5.7)
for 1 <n < N. Ifn > N, then by using (5.6),

” gne_ge"s+ ” ge—g|ls+"g_gn”s

<
<|lgn—8ls+]ge—&ls+]g—2als
<Yy +yy+iy =7,

H gne"gn”s

Hence (5.7) holds for all n.
For the second inequality in (5.3) a similar argument applies,

© [, R2O-D
le—gl2, =f_w[ﬁw(e%k)][1+...+k%] |2(k)[2dk

2(s—7)
< [1+...+k
keR

T 1= zﬁ(e*k)]f: Y (ebk) [1+ ... + %] | g(k) |2 dk

< Celi f : Y (ebk) [1+... + k2] | 2(k) |2 dk,

where again C denotes a constant which does not depend on g or on € < 1. As in the proof just
given above that | g —g.|, = 0(1), the integral on the right side of the last display is o(1) as €| 0,
uniformly on compact subsets of A The integral is also bounded above by | g|% so that
| g —g.ls—; = O(e¥?) uniformly on bounded subsets of H*as well. Thus all three parts of (5.3) are
verified and the lemma is established.

CororLARY 1. Let s > 3. Then #, is bounded in 5% independently of sufficiently small ¢ for
each finite 7> 0. Further, e™u, is bounded in #%™ independently of sufficiently small ¢ for
each finite 7> Oand m > 1.

Progf. This follows from the last lemma and the results of proposition 4. For by proposition 4,
|| s has an upper bound depending only on 7, e, | £.|s and €}| g|s.,. From the properties of
the regularization | g, < | s and €| g.]s41 < Ce¥| g|,. Hence, independently of ¢in [0, 77] and
of sufficiently small ¢, ||4,|; has an upper bound depending only on 7, ¢, and | g|s. A similar
proof yields the #75+™ bounds on e¥™u,.

COROLLARY 2. 0,u, is bounded in #%2 and et 5™ ~30,4, is bounded in S, independently
of sufficiently small ¢, for all finite 77> 0O and m = 1,2, ..., 5.

Proof. Use the method, previously elucidated in the proof of lemma 1, of inverting (1 —e03)
in the regularized equation (5.2) to gain the estimate

|9 ells—s < ]l o= tell o5 + | Ozl 5

< s + el s (5.8)
and Similarly e%ml‘atuells*‘"l—:i S E%m(”ue“s+m—3"ue"s+m—2+“ue”s+m)
<G, (5.9)

where C is a constant, independent of e sufficiently small by corollary 1 since m < 5.

The major proposition of this section states that the functions {u.} are Cauchy in 5% as € 0.
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ProrosiTiON. 5. Let u, be the solution of the regularized K.-dV. equation corresponding to
the initial data g,, as in (5.2), where ge [/ and s > 3. Then {z.} is Cauchy in % as €| 0.

Proof. Let u = u, and v = u;, where 8 < e say. It suffices to show that ||u —v|; can be made as
small as we like, for ¢ in [0, T'], by taking € sufficiently small. To this end, define w = « —v. Then
w satisfies the partial differential equation

W + (uw + %wz)x T W — 6wa::lct = (6‘ - 8) Ugrts (5~ 10)
with w(x, 0) = g.(x) —gs(x) = h(x), say. Forj < s, the identities

0 @ t ©
f*w [“’%J‘) + 8w%,-+1)] dx = f_w [h%j) + 3/1%7'“)] dx— 2f0 J_w [(uw + 3w?) 10— (€= 9) U, j42)] wydxdr,
(5.11)

are derived by multiplying (5.10) by w,, integrating over R and over [0, ] and by using partial
integration. (Here as before wy;) is shorthand notation for 0Jw.) We work out the details for the
case s = 3, and then show how s > 3 goes by induction.

Consider the case j = 0in (5.11). Let

A L

so that V,(0)2 = f ke 802] dx.
Then (5.11) can be put in the form

V()2 = V,(0)2— ff [(t0,+ bu,) w?] dx dr + 2(c— 3 ff uypwdxdr.

Now it follows from corollary 1 above that |w,, + 4u,| is bounded on [0, 7], say by a constant C;
depending on T and | g5, independent of sufficiently small e. Further from corollary 2 above,
€3] ¢1,¢|| is bounded on [0, T'], say by C, where C, depends on 7 and on || g|s, but is independent
of sufficiently small e. Hence for sufficiently small e,

i t
(0® < Th(0)+ 2, Tyn2dr+ 246, [ i) ar
0 0
It follows readily that for ¢ in [0, 77,
[w] < Vo(t) < Vy(0) €T +€8Cy (e T — 1) Cy 1.
w . 3
Now, 10 = {7 Hents) =)+ (g5 0) — i00))7) i)

< lgs—gli+]g.—gl: < Cet,

as € 0 by the lemma 5 above. Hence {x} is seen to be Cauchy in 5, from the estimate ||w| < Ce?,
valid for e sufficiently small.
Consider next j = 1. Again, for convenience of writing, define

Vi) = f ®[uk+ouk,] dx,
so that V,(0)2 = f * [he ok d.

66 Vol. 278. A.
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Now integrate (5.11) by parts to come to

it fo t oo
(e =vior-2[ 7 oo pwuzardr=2[ |7 o (=0 udv.dsar.
0J —0 0J —©

But by corollary 1 and 2 above, on [0, T, |3w,+ 34|, |4ys|, and €}|u,,,| are all bounded
independently of sufficiently small e. Also, as mentioned above, ||| < Ce¥ on [0, T'] for ¢ small
enough. Hence for e sufficiently small,

Fi()® < 102+ 2 (w2 + bl o
< V(020 (G4 elti(n) dr,
0

where here, and in the remainder of the proof, C denotes various constants depending on 7"and
on norms of g up to order s, but independent of sufficiently small e. From this it follows instantly

that on [0, T'], V() < V;(0) €t +€%(e0t_ 1).

Hence, for ¢ in [0, T] o] < V4(#) < V4(0) €9 +6¥(e0T —1).
Again, V1(0) < | g—gella+] g —gsll 4+ 0% g — golla + 0% g — &l
< Ced

as €| 0, (§ < ein these calculations) by lemma 5. It is now apparent that {} is Cauchy in H#7%,
and that in fact, on [0, T'], for e sufficiently small,

Jw]y < Ced. (5.12)
Forj = 2, (5.11) comes to
it foo
V2(t)2 = V2(O)2 - 2f f [(uw + %wz)a:xa:wxw - (6 - 8) ua:a:a::ctwwx] dx dT: (5' 13)
0J —
where Va(8)? = fw [w2, + 0wd,,] dx.

Now since corollary 2 above assures that €3}, is bounded for € sufficiently small, the second
term in the right hand side in (5.13) is bounded above by €¥C||w,,| . Differentiating and collecting
terms in the first summand under the integral leads to

t oo
fof_ o ( - %(ux + ww) wia: - 3umwwx Wog— uxwzwwa:x) dx. (5' 14)

Now by using (5.12) and corollary 1 tolemma 5 for bounds on z independent of sufficiently small e,

we see that on [0, 77, (1) Jup+w,| <C
T z ’

(i) |uge| <G,
(i) [teue] <, (5.15)
(i) Ju < Céb,
V) |w] < Cét,
where C denotes various e-independent constants. It follows from (5.15) applied to (5.14) that
the absolute value of the integral in (5.14) is bounded above by

[ el + e8] dr.
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In sum, we have the inequality

t
P02 < (0)2 4+ 20 [ (g 6Hnge]) dr
0
i
< T(0)2+2C f (Vy(r)2 + ¥V (7)) dr
0

so that on [0, 7] at least, me]l < Vy(t) < Vp(0) €CF +e(e07 —1). (5.16)
From lemma 5, < || Ao+ 02| A 5

< le—gdla+]g—gsll s+ 04 g = &olls + ¥ g — &l s

< C'et + C'et < Cet,
Putting this in (5.16) yields [weqll < Cét, (5.17)

on [0, T]. Note that if s > 3, we would obtain Cet as bound at this stage, simply because lemma 5
would then allow the bound 7;(0) < Ced.

Finally, consider the highest order case j = 3. Define V,(¢) in the, by now, obvious fashion.
Then (5.11) gives

t ffoo
Va(0)? = Vy(0)2—2 f j [0+ $10) g e — (€ — 8) Ugmgst Wngs] A 7.
0J —o

Since €8)|t,pu00¢] is bounded, the second term under the integral above converges to 0 as eb.
Again carrying out the differentiation and integrating by parts, the following expression for the
first term under the integral is obtained:

f f (u + Wy, wmw 4w$ UpraWaaa — Gumw WoaWaze — Upaza wwwww) dxdr. i(5' 1 8)

From the corollary to lemma 5 and the results (5.12) and (5.17) already in hand, these estimates
hold for ¢in [0, T'] (0)  Ju+uw,] <C, )

(ii) Jugal <G
(i) [[tgmal < Gy
(iV) | tgaal < Ce3, (5.19)
(v) |w] < Cél,
(vi)  Jwy| < Ced,

(viD) [ad] < Ceb.
Use (5.19) in (5.18) to derive the upper bound

¢
2! (Clu®+ Coleecd) d
for (5.18). So, for tin [0, T7],

F0) < V(o) + 20 [P(r)e+ebv(r)] dr,

whence [ Weal| < Vs(0) €97 +€(eCT —1).
As before, the triangle inequality gives

V3(0) < | g—gdlla+ g —gslls + 0% & — gcll s + 0% g — gl as

which tends to zero as €| 0, 8 < ¢, by lemma 5. Thus |w,,,| - 0 as €| 0, for any finite 7" > 0.
66-2
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For s > 3, the proposition is proved by an inductive argument similar in structure to the
argument just given for s = 3. Since s > 3, it follows from the remark following (5.17) that

|w]s < Ceb, whence |w|, |w,| < Cet,
ase| 0. Forj < s—1, assume inductively that
[w];-y < Ceb as e 0. (5.20)
Then (5.20) holds with j— 1 replaced by j. To prove this, use (5.11) as before, setting

V()% = f— [w}y + 0wf; )] dx. (5.21)
Then (5.11) is expressed exactly as

t oo
nor=hor-2 |7 [ e-ugalugdsdr. (522
An estimate of the integral on the right hand side of (5.22) is required. First use Leibnitz’ rule.
t [
[T T+ 3ty - = 9w gralupdrdr
j+1 i+1
= —f f ( 25 CpWi 110 Wt +1§0 O Wi 11— Wiy W — (€ — 0) g, (:i+2)w(j)) drdr. (5.23)
Separate out the top derivative terms and estimate the rest directly.

t o j+1
3 < Cfof (Z |04 11 W | + Z |01 Way Wep| + €] 4y, (;+2)w(])l) dxdr
P Ve

[eo]
“‘fﬂf (W WU + 20w Wi 4y) dxdr.
— 0

From the induction hypothesis (5.20), ||w];_; < Ce}, so that for 0 < k <j—2, |wy| < Ce¥ on
R x [0, T]. From corollary 1, |u|, < C and |||, < C so |uy| < C and |wg| < Con Rx[0, T] so
long as 0 < k£ < s— 1. From corollary 2, e¥|#,|, < C. Thus since j+ 1 < 5, we may assemble these
facts and conclude

t t oo
I < Cfo (w2 +€¥|wy|) dr -—J’Ofﬁw (uwg) weyp + 2wy w4 p) drdr.
Integrating by parts, the second integral is expressible in the form
t (oo [
[ tanrv)utsiaser < cf uglar

Putting together the pieces gives

70 <0+ i+ anm] e (5.24)
from which, on [0, T], one concludes
gl < Vj(8) < 7(0) €07 +ch(e0 1), (5.25)
From lemma 5, 7(0) < | g =g+ g~y + ¥ g~ g1 +0H g = galsa
< Céh, (5.26)
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Thus |w|; < Cet as required. The inductive step being confirmed, there follows that
Ja] < Cé (5.27)

The argument just given now holds line for line forj = s — 1, except that in (5.26) one only obtains
the bound Ce# from lemma 5. The conclusion for j = s—1 is therefore

|w]s— < Ceb. (5.28)

Finally, forj = s, e¥|u ., and e8| u, 9| are bounded. Hence proceeding as above, the following

estimate obtains )
”w(s)u < (” g —'geHs -+ H g _gt?Hs + 063) eOT + 6%(601' - 1): (5'29)

which, owing again to lemma 5, converges to zero as €| 0. This finishes the proof of the
proposition.

Remark. Note again, for later reference, that the various constants appearing in the proof of
proposition 5 depend only on 7 and on | g|; (where k£ < s depends on which constant is in
question) and are independent of sufficiently small e.

CororrLary. The functions u,(x, #,€) are Gauchy in %3 as € 0.
Proof. Again suppose & < € and let = u,, v = 4y and w = u—v. Then as in (5.11),
Wy = — (uw + %wz)w — Wogy + &’Uacxt + (6 - 8) Ut (5'30)

The convergence to 0 in 5#%5® of the last two terms on the right side of (5.30) as ¢, 0 is guaranteed
by corollary 2. The convergence to 0 of the other two terms on the right of (5.30) in 5% 2 as
€ 0 is immediate from the last proposition.

The bits and pieces needed to prove our main existence theorem for the initial-value problem
for K.—dV. have now been assembled. (Ixistence under weaker hypotheses on the initial data
is considered in appendix A.)

TueoreM 1. Let ge H5, where s > 3. Then there exists a unique solution #, which is in 5%
for all finite 7" > 0, to the K.—dV. initial-value problem with initial data g.

Proof. Uniqueness is quite easy, as has been pointed out by Sjéberg (1967, 19770) first, and by
nearly all the mathematical papers on the subject since. If there were two such solutions « and v,
then defining w = u —v, it is immediate that w satisfies the initial-value problem

wt""%[(“'*’”) w]x+wwmx =0, w(x: O) =0. (5.31)

Multiply (5.31) by w and integrate over R to gain the inequality

dre wzdx=f°o (u—i—v)wwmdx=——%f00 (g +v,) w2dx

—d—t — — 0 — 0

< wa w¥(x, 1) dx.

—_ 0

It follows from Gronwall’s theorem that

fw w?(x,t)dx =0 forall £>0.
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Hence w = 0 almost everywhere, and since w is continuous, w is zero everywhere. The boundary
terms in the above integrations by parts all vanish since u, v € H3 at least, for each ¢ > 0.
Existence is not difficult in the light of the present machinery. Let g, denote the regularization
of g defined in (5.1), and #, the corresponding solution to the regularized initial-value problem
(5.2). Then from the results of proposition 5 and its corollary, for each finite 7" > 0, as ¢, 0,

u,—~>u in 5 } 539
Quu,~v in H53. (5.32)
From this it is immediate that =~ 0,(#?) -0,(#%) in .%”?p‘l,} (5.33)
Oppnlle > Ogaptt  In  FFF3. '

TxT

Further, 0,u, is bounded in %3, so 0%0,u, is bounded in s#%°. It follows that at least in the

sense of distributions,
€20u,~0 in 9. (5.34)

(5.32) implies that u,—u in the distribution sense, so 0,u,—0;u in the distribution sense and
hence v = u;. Combining this with (5.32)—(5.34), shows that at least in the sense of distributions,

Up + Uy + Uppg = 0, u(x3 O) = g(x) (0'35)

The initial data being correctly taken on is a consequence of lemma 5 and (5.32). Since u € 5%
and u, € #7573, u is seen to be an Ly-solution of the initial-value problem (5.35) for K.-dV. if
s = 3, and a classical solution in case s > 3. (The term L,-solution connotes that all the deriva-
tives expressed in the differential equation are, for each ¢, L,-functions of the spatial variable x
and the equation is satisfied for each ¢, almost everywhere in x.)

The choice of T' > 0 was arbitrary. The larger T, the smaller ¢ must be in order that the bounds
derived in § 3 be valid. Since interest is focused only on the limit ¢ | 0 however, 7" may be chosen
arbitrarily large and the same results still hold. Hence a global solution (solution of the initial-
value problem on R x [0, 00)) of (5.35) can be defined in the following simple fashion. Let u; be
the solution of the initial-value problem (5.35) on R x [0, K], for K = 1,2, .... The uniqueness
result shows that if L > K, then uyy x) = #x. Therefore define a function z on R x [0,0) by
u(x,t) = ug(x,t) for t < K. u is then well defined and provides a global solution to the K.-dV.
initial-value problem, which lies in J#°% for all finite 7" > 0 by its construction. This finishes the
proof of the theorem.

The solutions guaranteed in theorem 1 have more regularity properties than stated above.
This will be elucidated presently. Consider now the question of how many of the formal poly-
nomial invariants (conservation laws) of the K.—dV. equation found by Miura ¢t al. (1968) are
actually constants of the motion of the solutions guaranteed above. A conservation law of K.—-dV.
generally is a functional J which maps some function class in the spatial variable (e.g. H®) to
the real numbers such that if u(x, ¢) is a solution of K.-dV. which is, for each ¢ > 0, a member of
the function class on which 7 acts, then I(«) is in fact independent of z. As a simple example, con-
sider a solution z of K.—dV. corresponding to initial data ge H?, as guaranteed by theorem 1.
Then

I = e = [ ur s
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is a conservation law. To see this differentiate I, with respect to time. Elementary real variable
theory is used to justify the following computation.

« [eo)

d d =
E:IO(u) = a—zf_wu(x, t)2dx = 2f_muutdx = —2J‘nwu(uuw+um) dx

0
Uyl dx
[ee]

= — 2[5+ ut, )72 % _f
= —2[3u® +uuy, — 321322, = 0.

The conclusion is therefore that /() is a constant, independent of time. There are a countable
infinity of such invariants, taking the form (Kruskal et al. 1970, theorem 6)

L) = f [ — ey Qulls o )1 (5.36)

foreachk = 0, 1,2, ..., where @, is a polynomial of ‘rank’ £ + 2. Here the definition of rank given
by Miura et al. (1968) is followed, letting a monomial ufg « ... ufg) have rank 32 (1 + §¢) a;, and
then defining the rank of a polynomial to be the maximum of the ranks of its monomial summands.
In fact, @, is composed entirely of monomials of rank % + 2. If one of these nonlinear functionals I,
isindeed a constant of the motion of solutions of K.-dV., useful a priori estimates on the behaviour
of solutions can be deduced, which hold for a/l ¢ > 0. For example, if [(«) is independent of time,
it follows trivially that ||| is bounded for all # > 0. More generally, ifit is known that I, I, ..., I,
when evaluated at a solution # of K.—dV., are all independent of time, and the initial data lies
in HE, then it follows easily from the results of proposition 1 that |||, is bounded for all ¢ > 0.
This is most easily seen by induction on £, the case £ = 0 already in hand. If the claim holds for
k—1, then suppose I,(u), ..., I, («) are independent of time. By the induction hypothesis, ||«|;_,
is bounded independent of ¢ > 0. By proposition 1, it follows that: (i) ||«|,...,|%q_p| and
(i) |u, ..., |#z_g| are all bounded, independently of ¢ > 0 and of xeR. Then from (5.36), for
any ¢ > 0, if I, (u) = C,

o o 0
f ulydry = C+ ckf uufy,_qydx —f Qr(uy ... yug_g) dx. (5.37)
0 — 00 — 0

The right side of (5.37) is easily bounded independent of ¢ > 0 for £ > 1 from (i) and (ii) above.
For k = 1, (5.37) takes the form

f uidx = C+%j u® dx,
and the argument of proposition 2 in §4 can be applied to obtain time independent bounds.
These results are summarized in the next proposition.

ProrosiTioN 6. Let « be a solution of the K.-dV. equation on R x [0, c0) which is in H* for
each fixed ¢ > 0 and suppose Iy(u), ..., I, () are invariant with £. Then ||u||;, is bounded uniformly
forallt > 0.

Thus it is of interest to determine how many of the invariants (5.36) are available. Clearly if
the initial data g is not in A%, we cannot have all of I, ..., I, invariant, for at ¢ = 0 at least one
of I,(g), ..., I;(g) is not a convergent integral. Direct verification of the conservation laws, as
outlined above for I,(z) assuming g€ H3, can be justified only for £ < s—3 (see Benjamin et al.
(1972, section 2)). Indirect means prove the best possible result, however, as is shown in the
next theorem.
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TrEOREM 2. Let ge H¢, s > 3, and let « be the solution of the initial value problem (5.35) for
the K.—dV. equation guaranteed by theorem 1. Then I,(), ..., [(«) are independent of time.

Proof. Let k < 5. For the regularized initial-value problem with smoothed data (5.2), the

identity £=290
u) = J(g,) + ef f : i
() = Ji(ge) P 06u<) U, (j+2)
+ 03[ 20 U1y U, () — Yoot W) — U u%k)]} dxdr, (5.38)
is valid, where A =f [(1 — ecpu) ufy + €y 1) — cruty ) + Q] di. (5.39)
—

The subscript € in %, has been dropped for convenience of writing. The identity (5.38) is derived,
from the fact that « is a C* function of both variables all of whose derivatives are in H* for each
fixed ¢ > 0, by differentiating I, («) with respect to ¢ This would give 0 if « satisfied K.-dV.,
but since « is instead a solution of the regularized K.—-dV. equation, there is a remainder, formally
of order e. After appropriate integrations by parts, this is thrown into the form (5.38)-(5.39). It
follows directly from lemma 5 at the beginning of this section that

Ji(ge) > 1i(g) as €l 0. (5.40)
It follows from corollary 1 to lemma 5 and the result of proposition 5 that
Jp(u) 1 (u) as €0, (5.41)

where u is the solution of the initial-value problem (5.35) for the K.~dV. equation as in theorem 1.
Finally, using corollary 1 and corollary 2 to lemma 5, one deduces that the integral on the right
side of (5.38) converges to 0 at least at the rate € as ¢ | 0. Combining this with (5.40-5.41), (5.38)

yields, in the limit €, 0, I(u) = L(g), (5.42)

and since f > 0 and £ < s were arbitrary in this calculation, this is the required invariance result.

Proposition 6 may be combined with theorems 1 and 2, and the analysis in the proof of the
corollary to proposition 5 applied to higher time derivatives, to derive the final result in this
section.

TreOREM 3. Let ge HSwhere s > 3. Then there exists a unique global solution « of the 1n1t1a1-
value problem (5.35) for the K.—dV. equation which lies in 5%, Furthermore, if s—3/ >
dtue #%¥. (In the notation introduced in (2.4), ue %, ,.)

6. CONTINUOUS DEPENDENGE OF SOLUTIONS ON THE INITIAL DATA

The main result of this section is a result which, when combined with theorem 3 shows that
the initial-value problem for K.—dV. is well posed in Hadamard’s classical sense. Let U: H*— % ,
be the mapping which assigns to g € H¢ the unique solution  of the K.—dV. equation with initial
data g. The continuous dependence result then states roughly that U is a continuous mapping.

Before writing the precise theorem, a comment is deserved concerning what cannot be proved.
It cannot be shown that U: H*— %, ., is continuous, as one can see by a simple counter-example,
given already in Benjamin et al. (1972) for the alternative equation (1.1). Specifically, there
exists, for each C > 0, a similarity solution ¢ = ¢, of the Korteweg—de Vries equation, known
already to Korteweg and de Vries in 1895. This solution is called a solitary wave solution of K.-dV.
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and was inspired by Scott Russell’s (1844) experimental work on water waves in channels. The
solution has the form

uC(x: t) = ¢C(x—Ct)’ (6'1)
where ¢o(z) = 3Csech? (§C2). (6.2)

Of course an arbitrary translate of ¢ is also a smooth solution of K.-dV. Elementary estimates

show that for any s > 0,
¢o—>¢p in H® as C—D in R. (6.3)

However, owing to their differing speeds of propagation, the norm of the difference ||us —up|,
of the associated solutions to the initial-value problem (5.31) for K.-dV. has

b Jlug —up|l, = Juols+uplls (6.4)

Thus u, does not converge to «;, in H%uniformly over all times. Hence the impossibility of proving
results valid uniformly in time is seen explicitly, at least in this simple frame of reference. It
deserves remark that stability over the unbounded time interval for the solitary wave solution
to K.-dV. with respect to a different metric, which picks out the ‘shape’ of the wave, has been
demonstrated by Benjamin (1972) (see also Bona 1975).

Tueorem 4. Let T > 0 be given, and let U: H*—Z ; be the restriction to the time interval
[0, T'] of the map assigning to g€ H, s > 3, the unique global solution « of (5.35) for initial data g.
Then U is continuous.

Proof. Remark first that it is enough to prove that U: H%— 5%, continuously. For it will then
follow inductively from the differential equation that U: H*— %', , continuously. For example,
ifs = 8, and U: H3-—> 5% is continuous, then U: H3— s#%' is continuous. For this it is enough
to see that the mapping V: H3—#, given by V(g) = 0, U(g) is continuous, since it is known
a fortiori that g —u is continuous from H3 to ;. But if g, ke H® and u = U(g), v = U(k) are the
associated solutions of the K.—dV. initial-value problems posed with initial data g and /4 respec-
tively, then again by using the elementary inequality (4.5),

e =il < lwt + g — V00 = Vi

|t = 00| + #4000 = Vama

[ (=) | +[| (=) o] + e =2 o
= vlly ] + [t = va 0] + [ =2l 5

<
<
<
<
< (lefl s +]olls+ 1) lu—o]ls. (6.5)

Taking the supremum over te[0, T'] yields
V(&) = V)lloy = llte —vell s < (el ey + ol + 1) [|U(g) = UR)Loes, (6.6)

which shows V: H3— 3, is continuous since U: H3—> 5% is known to be continuous.

To show U: H®— 3% is continuous, let g, —~g in H$, where s > 3 and let u» = U(g,) and
u = U(g) be the associated solutions of the K.—dV. initial-value problem. It is required to show
that 4™ —u in %, or what is the same, ||u™ — u||,— 0 as n— 0o, uniformly for ¢in [0, 7]. Lety > 0
be given. We WlSh to find N so that if n > N, |u®—u|, < vy for all ¢ in [0, T']. By the triangle

inequality,
lur —ulls < Jlum =+ —uelo+lue—u] (6.7)

67 Vol. 278, A.
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Here u, is the solution of the regularized initial-value problem (5.2) with smoothed data g, as in
(5.1) and similarly for u7.
Combining the estimates (5.28) and (5.29) of proposition 5, it appears that for ¢in [0, 7] and
d<e
lus =l < Ceb+C(l g —golls+ 1 g = &l )-

Let 8 0 in the last inequality. Since u;—u in % by theorem 1, it follows that, for ¢ in [0, T'],
lu—uds < Ceb+Clg—gds (6.8)
and similarly lum —u2|s < Ceb +C|| g — gnells- (6.9)

We are justified in using the same constants C in both (6.8) and (6.9) since, as remarked earlier
following the proof of proposition 5, the constants appearing in the proof of proposition 5 depend
only on 7T and on | g||s. Since g, g in H5, of course || g,|, < M, for some M > 0, for all n and
hence the various constants are bounded above, and C'in (6.8) and (6.9) is taken to denote their
supremum.

Now apply the fact, proven in lemma 5, that if g, > g in HS, then || g, — g, 2 = 1,2, ..., and
|g—gc|s all converge uniformly to zero as €| 0. It follows from this observation and the
inequalities (6.8) and (6.9) that

Jur — w0

“ “ 0} uniformly for ¢in [0, T] and n = 1, 2, ..., ase| 0. (6.10)
u—ul,—~

Therefore ¢ may be chosen so small that, for all £in [0, T] and allz = 1,2, ...,
lu—ugls <%y and [u*—ugf, <3y (6.11)

Thus in order to show that for z sufficiently large ||u® —u|, < v, for tin [0, T'], it is only necessary
to show that ||u? —u,|,— 0 as n— o0, where € > 0 is fixed, but small enough that (6.11) holds. For
if N is then chosen so large that for n > N, |ul —u |, <}y, it then follows from (6.7) and (6.11)
that forn > N, ||Jum —u|, < .

There is no shortage of ways to accomplish this last task. One method is to make an argument
very similar to the argument given in the proof of proposition 5. However, since € > 0 is fixed for
the purposes at hand, it is somewhat easier to transform the problem. Specifically, by definition,
u, is the solution of the initial-value problem

Ug + Ully + Uy — Ell gy = 0, u(x> O) = ge(x)3 (6‘12>

and similarly for #?. But ¢ is fixed, and hence the transformation (3.2) sends (6.12) to the initial-

value problem
Vp U, + 00—V = 0, 0(x,0) = h(x) = g, (ex). (6.13)

Define k,(x) = €g,.(e*x), and h(x) = eg (etx), and let v and v be the solutions to the initial-value
problem (6.13) posed for %, and % respectively. Then, if v» —v in %, where R > 0 is arbitrary
but finite, it follows by inverting the transformation (3.2) that uf —u, in J#%.

Since g,—g in H?, certainly g, —g in L,. Estimates in Fourier transformed variables show
immediately that g, .~ g, in H" for all » > 0. Of course the rates of convergence in the various
Hr norms depend strongly on ¢, but ¢ is fixed for now. Hence 4, he H* and %, —h in H" for all
r > 0. Lemma 2 assures us that v, ves#$® for all R > 0. Therefore the following simple
calculations are valid.
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Let w® = v» —p. Then w” satisfies the initial-value problem

w§ +wy +wrwy + (V") , — Wiy = O:} (6.14)

w (%, 0) = hy (%) —h(%) = fu(%),
where f, — 0 in H" for all » > 0. We drop the superscript z during the following computations,
for ease of writing. In analogy with (5.21), define

Wi(t) = f_w [wly) +wiirp] dx. (6.15)

Then multiply (6.14) by w, and integrate over R and over [0,¢], to come to the following
relation, after appropriate integrations by parts and applications of Fubini’s theorem

W(0) = W(0)+ (= 2 [, + (00) Jugp drdi. (6.16)

Integrating by parts and applying Leibnitz’ rule as in the proof of proposition 5 following (5.23),
the inequality

W(t) < Wj(0) +C . (6.17)

tpo (i1 i+l
f f ( 20 Wip1—pWaWe) + 2 w(j+1—k)v(lc)w(j)) dxdr
0J —o \k=0 k=0

is derived. Here Cis just twice the supremum of the binomial coefficients appearing from the use
of Leibnitz’ rule, and depends only on j. In case j = 0, this comes to

t (oo
J J vywidxdr
0J —o

< W,(0)+C f "W (r) dr, (6.18)

Wot) < Wo(0) +C

it oo
< WO(O)+Cff wtdrdr
0J —o

where sup |v,| has been pulled outside the integral. (6.18) implies

Wy(t) < Wy(0) eCt, (6.19)
Reinterpreting this, it is implied that

L PR WA P (6.20)
from which it is obvious that |w"||; - 0 as n— o, uniformly on [0, R]. Now assuming inductively

that ||w?|;— 0 as n— oo uniformly on [0, R], one can derive that |w"||;,; =0 as n—>c0 by using
(6.17) to derive an inequality of the form

Wi(t) < W(0)+C f :[Wj('r) +a, W(r)¥]dr,

where @, — 0 as n—oco. It follows that for ¢ in [0, R]

W)} < Wj(0)keOF + g, (PR — 1), | (6.21)

and this is enough to conclude ||w™|;,,— 0 as n— oo uniformly for ¢ in [0, R]. Hence it is demon-
strated that |w”|,— 0 as n— oo uniformly for ¢in [0, R], for all 7 > 0. Thatis|v® — ], — 0 uniformly
on bounded time intervals, for all # > 0. The proof of the theorem is now complete.

The last part of the proof of theorem 4 has in effect provided new results concerning continuous
dependence of solutions on initial data for the equation (1.1) (cf. (6.13)) not contained in the
work of Benjamin ef al. (1972), which are summarized in the next theorem.

67-2
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582 J. L. BONA AND R. SMITH
THEOREM 5. Consider the initial-value problem
U+ U+ Uty — Uy = 0, u(, 0) = g(x), (6.22)

for xeR and ¢ > 0. Suppose g€ H™ where m > 1. Then there exists a unique solution « to (6.22)
which isin #% for all finite 7" > 0. Further d,u € %+ for all/ > 0. Also, the solution u (resp. 0} )
depends continuously in S} (resp. #%+!) on the initial data g in H™, for all 7" > 0.

7. COMPARISON OF SOLUTIONS OF K.-pV. AND THE MODEL (1.1)

In this section the machinery previously erected is exploited to examine a relation between the
initial-value problem for K.-dV. and for the model equation (1.1). It will appear that in a
certain limit, under which this type of model is generally derived, the two models give solutions,
corresponding to the same initial data, which are very close together at least over finite time
intervals. By explicitly considering solitary-wave initial data one can show that this result is best
possible in the sense that one cannot expect close agreement over the unbounded time interval.

The specific assumptions which come to the fore in the derivation of K.—dV. or (1.1) as models
for surface water waves for example are that the amplitude of the wave is inversely proportional
to the square of the wave length, the amplitude being small in comparison to the undisturbed
depth of the fluid (cf. Peregrine 19%2). This situation can be reflected for a given function g
defined on R by considering the associated function

ho() = eglehx), (7.1)

for € < 1. The question posed is how do the two models in question respond to the same initial
data (7.1) when € is small? Put more carefully, let u* = u*(x,¢; €) be the solution of the K.-dV.
initial-value problem

up g utg gy = 0, u¥(x,0) = hy(%), (7.2)
and let v* = v*(x,; €) be the solution of the initial-value problem for (1.1)

VE+up HvFuy — vk =0, v¥(x,0) = h(x). (7.8)

Then we would like to know by how much «* and v* differ from each other over some fixed finite
time interval [0, 7] say. From the elementary inequality (4.5),
sup |w*(x,t) —v*(x,8)| < sup |u* —v¥,. (7.4)
RX [0, 71 10, 71
Hence an estimate for the A* norm of the difference of #* and v* will yield a pointwise estimate
on their difference.

At this point it should be observed that #,— 0 in the function spaces under consideration here
and therefore the continuous dependence results of § 5 for the two model equations imply that
both u* and v* are tending to 0 as e, 0. Hence they are approaching each other since they are
both approaching the zero function. We have in mind a more substantial result than this. The
point is that the problem must be considered with the right magnifying glass in order to determine
whether the above argument represents the best that can be said, or whether the two solutions
approach each other faster than they approach zero.

For the purpose of comparison, it is therefore convenient to make the transformation (inverse

to the transformation (3.2))
u(x, t) = e w* (e v +e ¥t edt), (7.5)
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INITIAL-VALUE PROBLEM FOR K.-pV. EQUATION 583

and similarly for v and »*. This transforms to a coordinate system moving with the wave and
scaled inversely to the scaling of #,. Hence function values of #* and v* are magnified and their
length scale shortened leaving the following equations satisfied by « and v respectively.

Ug + Utk + Uy = 0, u(x’ 0) = g(x), (7'6)
and Vp+ 00, + Ve — €V = 0, 0(x,0) = g(x). (7.7)

Clearly the problem of comparing « and v in (7.6) and (7.7) can be attacked by way of the
arguments in § 5, making use of the a priori bounds derived in § 4. Let w = v —u. Then w satisfies
the following initial-value problem analogous to (5.10) with & = 0 and zero initial data,

Wy + (vw + Fw?) g + Wy — €V = 0, w(x,0) = 0. (7.8)

Suppose at the outset that g H* so that both z and v are C* functions in their two variables and
all their partial derivatives lie in #7.. Then just as in (5.11), the identities

) t oo
J_ wy dx = — 2f0f_ [(vw + Fw?) ;) — €04, i1 9] Wi da dr, (7.9)
are valid forj = 0, 1 . Define  Vj(t)? =f wf;, d, (7.10)

for convenience of writing. Of course V;(0) = 0 for all 7, as is already reflected in formula (7.9).
In order to obtain reasonably sharp results the relation (7.9) will be used in several ways. We
begin with a lemma which extends the result of (4.22).

LemmMma 6. Let g€ H* and let v be the corresponding C* solution of the regularized initial-value
problem (7.7) all of whose derivatives are in #7, for all 7> 0. Then for any integer / > 0 and
¢t > 0 the following inequalities hold.

@) %vel < (ol +[ol),
(i) (%ol < demd(l[olse +[olD), (7.11)
(i) (o] < e ol pa +[ollE-0)-
Proof. Write the differential equation in the form
(T =€) v = — (0, + Vo)
and invert the operator — ¢ 03 as before to obtain
(T €3) (w0, + v0,) = — (I=622) 1V 1,,), (7.12)
where V = w,. By an easy estimate, | V|, < |v|%.; for all ¢ > 0. Then of course
wy = vy = —(I—ed2) "1V +0,y,). (7.13)

In Fourier transformed variables this takes the form

— (i)’ Py
= s [V + ()20, (7.14)

where * denotes Fourier transforms as before. Hence

© k2
e = e = | * P+ 2ol (7.15)
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584 J. L. BONA AND R. SMITH

The estimation of (7.15) is carried out in three ways corresponding to (7.11) (i), (ii) and (iii).
First because 1+¢€£2 > 1 for all £,

© A %
full < | [~ 217+ o k] < |7+ onea

.. < Vlli+ 1ozaal < [olfia + 12]2ss-
For (ii) proceed as follows.

[y < Sup(1+€k2) U 20— 1>|V+ ik 3ﬁ|2dk]

< é‘&” Vo IV lis + 2] 1-2)

:cxx”l 1

267
< g (]2 +[ellr2)-
. k? © et | Do imvsaiz Azl
Finally for (iii), [lw] < sup ( 1 +ek2) I:f_ K=V + (ik)3 4 dk]
- “ V+ v:c:c:c”l— ” V“l 2t "vx:c:c”l—

1
< = (ol Hlolhso)-

This establishes the lemma.

CoroLLARY. For v as in lemma 6, the following inequalities are valid for / > 0
@) [%ul < C(|lglirat]glte)
< C(lglirat] gl

(i) (%ol < Ce=3(| gllyss+ ] &lFsa)
< Ce3(]| gl s+ &lFrs)s

(i) %o < Ce'(||gllive+] ]7)
<C€ (I &llire+1 g]:2)s

holding for ¢ in [0, 7] and ¢ sufficiently small, where the constants C depend on 7" but not on e.

(7.16)

Proof. This is a consequence of lemma 6 and the e-independent bounds obtained on solutions
of the regularized initial-value problem in §4 (see proposition 4).

Now consideration is given to the derivation of bounds on the various H*norms of the difference
w = v—u. Bounds will be inferred in three stages.

ProrpositioN 8. For each £ > 0, the difference w = v —u satisfies the inequalities
lwel < e, (7.17)
where M, = M,(T,| g| ) is independent of e sufficiently small.

Proof. This proceeds easily by induction on £. To get started consider (7.9) forj = 0 from which
the following inequality is simply derived.

© 4 t
7w v <2 sup oot doul [ Vitrrdr o 26 o Ju] dr
— 0 0

RX[0

204‘ " (7 )2d1+2C e[OV(,@) dr, (7.18)
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where C; depends on a bound for |w,, + }v,| on R x [0, T']and hence on T'and | g|; by proposition 3.
Likewise, C, depends on a bound for |[v,,,| on [0, 7] and hence on | g||¢ by the corollary to lemma 6
above. (7.18) gives, for ¢in [0, T7],

|wll < €(CyfCh) (€T —1) = My, (7.19)

where M, depends on T and | g|¢. Now suppose that if 0 < j < £,
lwg| < e, (7.20)
where £ > 0 and M; = M;(T,| g||;46)- Use (7.9) to derive the identity (analogous to (5.22-5.23))

t (o
Rt = =2 [ 100+ 30— ety sn] o e

t (o k+1 k+1
=— 2f f [ W 41—V Wi + 2 Cjw<k+1-1)w(j>w<k>] dxdr
0J —o L5=0 =0

t roo
+ 2ef f V¢ (o) Wy A d. (7.21)
0J —o

Making use of the induction hypothesis (7.20) and of (7.16), (7.21) leads to the estimate

t t
0 < 2Cussa | VElr) dr+26Cpn s [ Fia(r) d,

where Cori1 = Coa (T} || 8]l k45)s

and Corva = Copya( T | 8| kv6)-

Hence for ¢in [0, T'] lwe| = V(t) < 6%@ (eCek+1T — 1) = eM,, (7.22)
2k-+1

where My, = M (T, | g| +s) as required.

The results of proposition 8 would already yield interesting results bearing on the problem
under consideration in this section. Before stating these, another similar set of inequalities is
given which can be used in conjunction with the results of proposition 8 to yield reasonably
sharp results.

Prorosition 9. For each £ > 0 the difference w = v —u satisfies the inequalities
|wa| < 2N, (7.23)
valid for ¢ in [0, T'] and ¢ sufficiently small where N, = Ny(T, | g s14)-

Proof. Again the proof proceeds by induction on k. For £ = 0, use (7.9) to write

t t
tR<2 sup |w,+ 1o, f Va(r)?dr+ 2 [ o] [ dr
1 0 0

Rx[0, T'
t
< le Vi(r)2dr +6Cy,
0
valid for ¢ in [0, T'], where C; depends as before on 7" and | g||; and C, depends also on T and
| &|ls by the corollary to lemma 6. There follows
] = Vo (6)? < e(Go/Cy) (eA T = 1),
so that lw| < i, (7.24)
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586 J. L. BONA AND R. SMITH

for ¢ in [0, T] where N, = N,y(T,| g||). Consider the case £ = 1. Again use (7.9) to write
t oo
R0 = =2 7 (a0 ud+ i, e, m,] drdr
0J —

t (oo
= 2‘[ f 2w + 27) )wx va:aca:w +€vtwwxwx] dxdr

<2 sup |2w +2vw|f V3(r)dr+2 sup vxm|f Vé(r

Rx[0, T

+2 sup “vt“ "wa:acaca:" €t, (7.25)
[0, T']

for tin [0, T]. As before, bound |w, + 3v,| by a constant C; depending on T and | g| 3. By (7.24)
the middle term on the right hand side of (7.25) can be bounded by 2etsupyy 4|v|, which is
bounded by ¢ times a constant depending on 7" and | g|;. Finally ||v;| is bounded by a constant
depending on | g, and T while ||w,g,| is bounded by a constant depending on 7" and | g||5 by
proposition 4. In sum (7.25) yields

vy Cf Vi(r)2dr +¢Cyt, (7.26)

where C; = Cy(T, | g|s) and C, = C(T,| gl5)- (7.26) now implies that for ¢ in [0, T']
lwa]* = V3(®) < €(CifCy) (% 1),
and hence [we| < e,

where N, = Ny(T, | g|5)- The general inductive step follows lines which are by now familiar and
whose details may be suitably passed over.

Finally a third method of estimation yields inequalities on V,(¢) depending on 7" and | g| ;3.
Prorosition 10. For each £ > 0 the difference w = v —u satisfies inequalities of the form
lwol| < €tLy, (7.28)
valid for ¢ in [0, 7] and € sufficiently small where L, = L;(T, | g|x+s)-

Proof. Again the argument proceeds by induction on k. Here are the calculations for £ = 1 for
example. For V; write (7.9) in the form

t oo
2) = _2f0f_ [(Bw, + 3v,) W2 + vy W, — €V Wy, | dxdT.
Thenif0 <t < T,

t
R0 <2 sup [hua+dogl [ F(r)dr+2t sup o sup (Ju] )+ 26 sup (foe] ).

RX[0, T

Making use of (7.24) and of (7.16ii) there follows from the last inequality
¢
B0 < G Va(r)rdr+elCy
0
where Cy = Cy(T,| g||5) and similarly C, = C,(T,| g||s). Then as before, for any ¢ > 0

a2 = Vi(6)2 < €}(Cy/Cy) (et —1),
so thatfor¢in 10, 7, |we]| < €Ly, (7.29)
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where L, = L,(T, | g|4)- Again the inductive step, making use of (7.9), is close enough to previous
arguments to be safely left to the reader. At the kth step, the term on the right hand side giving the
most trouble is

t oo t (oo
2€f0f Ve, v Wiy dx A7 = 2€f0f Ve, Waie+2) A% AT,
— 0 —
which can be estimated, for ¢in [0, 7], as follows, by using proposition 4 and (7.16)

t
< 2ef0 0% 4]l [|wgeso]| d7

< 2tCee‘%(H g I! r+3t " 4 " %rs) | @] s
< €lCy ot

[=e]
Ut () Wige-+2) dxdr
— 00

where Cy 5 = Cy15(T, || g|l5+3). The other terms are handled by way of propositions 3 and 4, the
result (7.17) of proposition 8 and the induction hypothesis.

Here is a corollary to the last three propositions which will be used to answer the query
concerning the difference w = v —u.

CororrARrY. The difference w = v —u, where u and v are the unique smooth solutions of (7.6)
and (7.7) respectively for the given data ge H®, satisfies the following inequalities, each valid
for e sufficiently small and for ¢ in [0, 7'] where 7" > 0 is arbitrary but finite.

(i) |uwlr<eQr where Q= Qu(T,|glrse) (k=0,1,...),
(i) |w|| < €2Ry, where Ry = Ry(T,|glrwa) (k=0,1,...), (7.30)
(i) |w|p < €tS, where S, = Si(T,| glrss) (£=0,1,...).

Proof. These follow from summing the first £+ 1 inequalities expressed in propositions 8, 9
and 10 respectively.

The inequalities (7.30) were derived for g€ HH* and the resulting smooth solutions. Suppose
now that g is only in H¢where s > 3. Approximate g in H*by a sequence {g,,} < H*, for example
as was done in lemma 5. Letting «, and v, denote the respective solutions of (7.6) and (7.7) posed
for the initial data g, and setting w,, = u,, —v,, it then follows from the continuous dependence
results, theorems 4 and 5 in § 5, that #,—>u in % and v, —>v in #%. Since g, > g in HS, | g, is
bounded uniformly in z. Hence the various constants in (7.30) remain bounded uniformly in »
and in € < ¢, say where ¢, can be chosen independent of # by propositions 3 and 4. That is,
Q% = Qu(T, || g, x46) is bounded uniformly in 7, so long as £ < s— 6 of course, and similarly for
the R,’s and S’s with the appropriate restrictions on k. Thus letting @, = sup,, Q%, and similarly
for R, and S, then for alln = 1,2, .

wal < er provided £ < s—6,
|wallx < €2R;, provided & < s—4, (7.31)
lwa) < €tS, provided & < s—3.

Taking the limit as n— 00 in (7.31) establishes the following result.

ProrosiTioN 11. Let ge Héwhere s > 3 and let # and v be the Z'¢ ; solutions of the initial-value
problems (7.6) and (7.7) respectively posed with initial data g. Let w = u—v. Then ase| 0

Hw”k =X er(T ”g”lc+6 (k = O: 1, "')>
lwle < ER(T, | gllers) (k=0,1,...), (7.32)

”w“k S G%S-k(Ts ”g”k+3) (k = O: 1’“-)3
uniformly for ¢in [0, 7], for all £ such that the norms of g on the right hand side are finite.

68 Vol. 278. A.
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It now remains to interpret proposition 11 in terms of w* = v»* —u*. This is done in the last
result in this section.

THEOREM 6. Let ge H¥where s > 3, let 7' > 0 be finite and let «* and v* be the Z'¢ ; solutions
of the initial-value problems (7.2) and (7.3) respectively, and define w* = v* —u*. Then

”w?;c)“ < ei(2k+7)Q—k(T, ”g" Ic+6> (k = 09 TEEPE 6):
“w?;v)“ < 6%(2k+5ij(T9 “g"k+4> (k = Oa ceey S 4)3 (733>
lwiall < e@H*85(T, | gllkis)  (B=1,...,5=3),

uniformly for 0 < ¢ < 7 and e sufficiently small.

Proof. This is an immediate consequence of proposition 11 and the elementary relation induced

by the transformation (7.5)
lofgll = EX@E+3)|oy, (k=0,1,...), (7.34)
and similarly for «* and .

From theorem 6, reasonably sharp convergence results for #* to v* as €| 0 can be derived,
for given L,-smoothness of g. For example, suppose g€ H". Then both «* and »* are classical
solutions of their respective differential equations and from theorem 6, given 7" > 0 there is
a constant C depending on 7" and | g|, such that for 0 < # < T and ¢ small enough,

lu* —v*| < Cet  and |u} —v}| < Cet. (7.85)
In particular, because of (4.5),

sup |u* —v*| < (Ju* —v¥| [uz —oz])t < Ce? (7.36)
Rx [0, T']
as € 0. This contrasts with the fact that «* and v* approach zero, in the supremum norm on
R x [0, 7], only at the rate ¢, as € 0.

8. COMMENTS AND EXTENSIONS

The arguments given in §§ 3-7 are capable of dealing with considerably more general equations
than the Korteweg—de Vries equation. We eschewed formulating results for more general
equations in order to make the argument as transparent as we could. In this section, without
going into great detail, we will indicate some of the more or less immediate generalizations of
the results already obtained. Of particular concern will be generalizations of interest from the
point of view of modelling long waves. It will be shown that a satisfactory theory for both K.~d V.
and (1.1) can be formulated in the presence of dissipative and forcing effects.

Both the K.-dV. equation and the model equation (1.1) are ‘energy’ conserving equations.
While this is a very good approximation for long waves even over reasonably long time scales,
over dozens of wavelengths dissipation is clearly discernible in some physical systems (e.g. surface
water waves, cf. Hammack (1973) and Hammack & Segur (1974)). Thus for certain considera-
tions, it may be desirable to add a dissipative term to the model. This could lead to the following
equations, analogous to (1.1) and K.-dV. respectively.

Up + Uy + Uy — Ol — Uy = O, (8.1)
Ug + Uy + Ulhyy— Xy + Uy, = 0, (8°2)

where o > 0. (8.2) has been considered, in generalized form, by Tsutsumi & Mukasa (1971).
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The methods used to treat (1.1) and K.-dV. work just as well for the initial-value problem for
(8.1) and (8.2) posed on the entire real axis, and lead to improved existence and continuous
dependence results in the case of (8.2).

Consider first the initial-value problem for (8.1). The model may be cast into integral equation
form, as with (1.1), obtaining

b t) =)+ [ Ko=) lun) +107) () dydr, (83)

where g is the initial profile and X is the kernel defined below (3.4). As discussed in the proof of
lemma 1, convolution with K maps H* linearly and continuously to %+1. Thus

K ullg g < Cole| (8.4)

This fact is utilized to show existence of a solution over a small time interval. Suppose ge H* for
k > 1 (weaker hypotheses suffice at this point, but not subsequently). For ve # let

Av(at) =g+ [ [ Kir=p) o+ 1o -y, (8.5)

Then, A: H#J — 7} is a contraction mapping of a ball about zero in H# for T sufficiently small.
It will follow that A has a fixed point « € #7 which is then a solution of the integral equation (8.3).

That A: s} - A follows from the mapping properties of K mentioned already and the fact
that ge H* (cf. proposition 1). The estimates needed to establish the contractive properties of A
in a suitable ball are as follows. Let v;, v,€ 7, with [v;] ;2 < R,i=1,2. Thenif 0 <¢ < T,

[Av, — Avyl), < ¢[(1+aCy) [l — v+ Fv] — 23] ]
< (1 +aCy) oy — vl + 3Ca([[vall i + [2a]l) 21— valli]
< t[1+aCy+CyR] [[vy =51,
where C, depends only on k. Taking the supremum over ¢ in [0, T7] yields
|Avy — Av,| s, < T[1 +C, +C,R] o2 — vl s (8.6)
A second inequality may be derived from (8.6). Let v be again in the ball of radius R about zero
in o7, Then since A(0) = g,
14v] 5, = [ Av = A(0) + gl g, < | Av— A(0) g + [ 8] e
< llgle+ T +aCy+ RG] o]
<|lgli+ T[1+aCy+RCy] R. (8.7)

Hence the choice R = 2| g|; and T = 1/{2[1+aC;+RC,]} yields the following inequalities,
valid for v, v;, v, in H#% with norm less than or equal to R.

| Avy — Avy|| sy, < §lvy =2, %,}

[ Av] 5, < R. (8.8)

Thus A is seen to be a contractive mapping of the closed ball of radius R about zero in 5% and
hence there is a u € #%, with norm at most R such that

Au = u. (8.9)

Now standard bootstrap arguments (cf. Benjamin ef al. 19772, lemma 2) show that a fixed point «

is in fact a solution of the differential equation over the time interval [0, T7].
68-2
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These arguments are extended to yield a global solution of the initial-value problem by
deriving a priori bounds for solutions of the initial-value problem for (8.1). The derivation follows
arguments similar to those given earlier and we merely anticipate the result that if ge H*n C?
then so is u(x, t) for each t€[0, 7] and further

C%fw [W2(x, 1) +12(x, )] dx+20¢f 2 dx = 0, (8.10)

— 0

From this it follows that the A norm of u(x, t) is decreasing with increasing time. Hence the proof
of existence in the small can be iterated to yield a global solution to the problem just asin Benjamin
et al. (1972, pp. 61-62). The extension to higher order Sobolev spaces can now proceed from the
integral equation (8.5) just as in the proof of lemma 1 in § 2. Here is the precise result.

ProrositioN 13. Let ge H™ where m > 2. Then there is a unique solution » in 7%, with
initial value g, to the equation (8.1). Furthermore, 0fu € % for all £ > 0 and finite 7" > 0.

The only point that requires comment is the claim that « is bounded in A™ uniformly in time.
This follows from a priori estimates which will be outlined below in the attack on the equation
(8.2) (cf. (8.16), (8.21) and (8.22) with ¢ = 1).

To tackle the equation (8.2) use is made of the theory for the initial-value problem for (8.1).
First a shift to coordinates moving at speed one gives a slightly simpler initial-value problem.

Uy + Ully — Al + Uy, = 0,} (8 11)

u(x, 0) = g(x).

This initial-value problem is regularized as before by addition of a term — eu,,;. Thus considera-
tion is given to the problem

U+ Ulhyy — Qllhygy F+ Uy — EUp = 0>} (8.12)

u(x, 0) = g<x)’
Letting v be defined from u by the change of variables (3.2), there appears the following initial-

value problem for v

Uy + U, 00, — e EY, — Uy = 0,} (8.13)

v(x, 0) = eg(ebx).

For fixed ¢ > 0, proposition 13 assures existence of smooth solutions of (8.13) obtain for given
data ge H™ m > 2. Hence exactly asin lemma 2, smooth solutions to the regularized initial-value
problem (8.12) obtain without further difficulty.

Derivation of e-independent bounds for the solutions of (8.12) is actually much easier with the
dissipative term included. However, if a-independent bounds are desired one must proceed as
before in § 4. But for a fixed level of dissipation, the following simpler arguments are available.
Suppose g€ H* so that « is a C* function of both variables all of whose derivatives are in L,.
Then upon multiplying the regularized equation by ug, for £ = 0, 1,2, ..., and integrating over
R and [0,¢], and after appropriate integrations by parts, there appears

0 t *oo <) t (o
f (U + €uf1qy) dx + 2“f0 f_ w Ufpppdadr = f - (g(zk) + €£<2k+1)) dx _.fof~ () gt dx dr.

! 8.14
For k = 0 (8.14) is the analogue of (8.10), namely (8.14)

© t oo ©
J. (w®+eu?) dx + 2ocf f uidx = f (g2 +egs) dx. (8.15)
— 0J —© — 00
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From this, independently of ¢ in (0, 1] and of ¢ > 0

lul <Gy | [ asar < (5.16)

where Cy = Cy(| g|| +¢€| &'||) which can be taken to be positive without loss of generality (the case
g = 0 being trivial in all aspects). Now let £ = 1 in the master relation (8.14). Then

@ t oo
L =f (ul +cul,) dx + 206f f w2, dxdr }
0J —

Leed { 0
= f (82 +egsy) dx— 2f f Uty dx dr
—®© 0J —
t
< C+2 ol el i (8.17)
t
< 042Gy [ e [t

t ¢ 3
< C+26 ([ Jufzdr [ lundrar)
0 0

making use of (8.16) and the Schwarz inequality applied once in each variable. Now use the
elementary inequality, valid for all y > 0,

24B < yA2+ (1]y) B (8.18)

Then the estimate (8.17) continues as follows.

2 [ e dr 5 [ ). (5.19)

Now from (4.5), |u,|%, < ||uy] |lssl. Thus applying the Schwarz inequality and (8.18) again,
with y = 4C}/a?

I, < c+c(

@ (o
11=f (u§+euix)dx+2aff w2, dxdr

< C+y (5 [ Inatrar + & [ uedie )

<C+ocff uixdxd‘r+4—;’ff w2 dxdr
0J - % JoJ —

C(5) t oo
< 0+4$+af0f 22, dxdr.
-— 00

© t (oo 5
Thus in sum, f (12 +eu?,) dx -+ ocf [ w,dxdr < C+ 4Q = C, (8.20)

— o0 0y —c0

where C; = C;(| g], +€l|g"||)- It follows now that independently of € in (0,1] and of ¢ > 0

L) t oo
f wdx < Cy, f f ut, dxdr < C. (8.21)
— 0J —o0

One may proceed inductively to deduce the bounds

© t oo
f u%k, dx < Ck} fof u%k-l»l) dx dT < Ck’ (8.22)
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forall £ > 0 where C,, = Cy(|| gl + €] 840l is independent of e in (0, 1]and ¢ > 0. Note that these
bounds are not restricted to finite time intervals as were the corresponding bounds in proposition 4

for the regularized K.—dV. equation with no dissipation.

Passage to the limit may now be effected by the methods of § 5 or of appendix A. We may
suitably pass over the details, which parallel those already set down except for the additional
linear term — au,,, which causes no difficulty. Uniqueness is established just as before. We sum
up the situation as follows.

TueoreMm 7. Let ge H™, where m > 2. Then there is a unique solution z in &', , to the dissipa-
tive K.-dV. equation (8.2) with initial value g. # depends continuously in 2, ., on g in H™,

Further ‘interior’ regularity results may be derived for ¢ > 0 by using Fourier analysis and
general regularity results for the non-homogeneous heat equation. This point will not be dealt
with here however.

For many physical systems there can be direct external forcing of the waves. Mathematically,
this leads to the nonhomogeneous model problems

Up+ U+ Ul — Uy = f(%,1), (8.23)
and Uy + Uy + Uty + Uy, = f(%,8). (8.24)

Of course dissipative effects can be combined in these models with the forcing effects if desired.
As demonstrated in the analysis leading to theorem 7, dissipation makes matters better in general.

An advantage of (8.23) over (8.24) is that weaker assumptions appear to be needed on the
forcing function in order to insure a given smoothness of solutions. It would be expected that

fneed be only as regular as the least regular term on the left hand side of either (8.23) or (8.24).

This obtains for (8.23), but we have only been able to prove a weaker result for (8.24). Examina-
tion of the linear problem obtained from (8.24) by dropping the nonlinear term suggests, but does
not prove, that perhaps the stronger assumptions made below on fin order to treat (8.24) are
just in the nature of things. In any case, here are statements of the precise results we can establish.

ProrosiTioN 14. Let ge H, s > 1 and fe #5! for some T > 0. Then there exists a unique
solution # in #% to (8.23) which takes the initial value g. Furthermore, 0,ue #*%! and if
i fe # for some non-negative ] < s— 1foralljwith 1 < j < m, thendfue A 2for2 <k < m+1.
The solution u depends continuously in % on g in H® and fin %

ProrosiTioN 15. Let ge H¢, s > 3, and let fe #% and also f,€ #7. Then there is a unique
solution u in #% to (8.24) with initial value g. Further, if fe Z'; ; (see (2.4)) then ue Z'; 5. The
solution z depends continuously in % on g in Hand fin 5% n C*(0, T; H°) (resp.in g ; on g
in H*and fin ' 7). '

Proposition 15 may be viewed as an improvement of the results for (8.24) announced by
Kametaka (1969).

We content ourselves with a few remarks concerning the proofs of the last two propositions.
Proposition 14 requires only a mild extension of the theory developed for (8.23) by Benjamin et al.
(19772, theorem 2). The extension is made along the lines of lemma 1 in § 2, by using an associated
integral equation.

The proof of proposition 15 is essentially the same as the proof given in §§ 4, 5 and 6 of theorems
1 and 4. We note a few of the more interesting changes.
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Proofof existence for a regularized version of (8.24), obtained by passing to moving coordinates
to dispense with the term u, and then adding the term —eu,,, is effected by the change of
variables (3.2) and the result of proposition 14. The derivation of @ priori bounds undertaken in
propositions 2, 3 and 4 proceeds as before except the identities change slightly and the bounds
necessarily depend on the forcing function f. For example, the identities corresponding to (4.2)
and (4.3) in proposition 2 now take the following form

© © t (o
f (4 +eu) dx = f (¢ +6g2) dx+2 f f ufdxdr, (8.25)
— — 00 0J —0

and fw (up — 1u®) dx =va

— — o0

t oo
(g —3¢%) dx+ f f (2, f,— u2f — 2eu, f;) diedr
0J —0

w26 " [fln ) ~f (5 0) ol 0] dv. (5.26)

— 00

From these two identities it follows much as in proposition 2 that « is bounded in #% indepen-
dently of € in (0, 1]. Similarly the analogue of (4.9) in proposition 3 is

t oo
V(t) =V(0)— ef ] (Buguudy + 3uPuy s + 6y, ty) dxdr
0J —

t oo
+ f f (W3 + B2 fm 6 f— Gty f+ X80y, fo) dxdr,  (8.27)
0J — 0
where as defined below (4.8)

V() = f ® 12 - Beuw) 2, — Buu? + Jud + e, ] dx. (8.28)

The assumptions on f coupled with the already derived H* bound on u suffices to bound the
second integral in (8.27) on [0, T'] by a constant independent of ¢ in (0, ¢,] where ¢, is to satisfy
(4.10). Thus (4.17) is recovered where the constant C now depends on f as well as | g||l;. Now
differentiating the regularized equation with respect to #, multiplying by #, and integrating
over R and over [0, ¢] yields the analogue of (4.19).

B(0) < 50) + [ o B2(7) + 20 ()] o, (5.29)
where as in (4.18) B(1) =fio (4} + euzy) du. (8.30)

B2(0) is estimated as before in lemma 4 and then (4.17) and (8.29) are played together to obtain
that for any 7" > 0, u is bounded in 57 independently of sufficiently small ¢. Further bounds
analogous to those obtained in proposition 4 follow by arguments which differ little from those
presented in the proof of proposition 4.

At this juncture, the arguments of § 5 may be imitated to conclude existence of a smooth solution
as advertized in proposition 15. It is required to regularize the forcing function fin both x and ¢,
but this presents no difficulty. Continuous dependence results now follow readily.

Other generalizations of the basic K.-dV. model or the model (1.1) can be handled by the
same methods. For example, much more general nonlinear terms can be handled and more
general dispersion relations can be accommodated. Itis not intended to explore these possibilities
here - the problem of more general dispersion in particular, while interesting for both modelling
and mathematical reasons, would lead rather far afield.
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APPENDIX A. AN ALTERNATIVE PROOF OF THE CONVERGENCE OF SOLUTIONS
OF THE REGULARIZED PROBLEM TO SOLUTIONS OF K.-pDV.

Here we consider some mathematical refinements of the theory presented in §§3-5 and
examine an alternative approach to the K.—dV. initial-value problem. The methods call upon
additional results from functional analysis, but allow the range of admissible initial data to be
extended slightly.

TueoreM 8. Let ge H%, where k£ > 1 is an integer. Then the K.-dV. equation has a solution
in L*(0,00; H*) with initial value g. If £ > 2, then the solution is unique in this function class.

Remarks. The present notation for function spaces follows that of Lions & Magenes (1968,
vol. 1, ch. 1). If k < 3, the fact that # is a solution of K.~dV. may have to be interpreted in the
distribution sense. Note that from the differential equation, u,€ L*(0, c0; H*~3), so that « is in
C(0, 00; H*—%) (Lions & Magenes 1968, vol. 1, p. 23) and therefore the initial condition is satisfied
in a meaningful manner. If £ > 3, all the derivatives in question in the K.—dV. equation exist
almost everywhere and the equation is satisfied pointwise almost everywhere. Of course if k > 3,
the solution must be the same solution obtained in theorem 1, by the uniqueness result, and
hence is a classical solution for £ > 3.

The result of theorem 8 is an improvement on theorem 1 for £ < 3. For the particular case
k = 2, the present results, expounded in theorem 8, will be improved subsequently in this
appendix.

Proof. The proof is made in two steps. First, existence of smooth solutions of K.-dV. corre-
sponding to smooth initial data is established. Then a limit is taken through smooth solutions of
K.-dV. to infer existence of solutions corresponding to data in H*,

Accordingly, let ge H* and let u, be the smooth (it is C* with all its derivatives in L,, by the
corollary to lemma 2) solution to the regularized initial-value problem. Then proposition 4
assures that for any 7" > 0, s > 0 and independently of ¢ in (0, ¢,] «, is bounded in L*(0, T’; H¢).
It follows from the regularized differential equation that 9,4, is bounded in L*(0, T; H) for all
T > 0,5 > 0 and independent of ¢ in (0, €;). Thus a diagonalization argument allows the conclu-
sion that there is a sequence ¢, | 0 and a » which is L*(0, T; H*), for all s > 0, such that

U, = ug,—~>u weak-starin L*(0, T; H®),

Ouu, —u, weak-starin L*(0, T; H*) ,} (A1)
forall 7> 0 and s > 0. Note that from the first line of (A 1), 0,4, > 0,u in @' (0, T; H*), hence the
weak-star limit in the second line of (A 1) necessarily converges to u,. Note also that here and
below, the taking of subsequences turns out not to be necessary for k£ > 2. For the uniqueness
result will allow the conclusion that any subsequence of {u,} has a further subsequence which
converges to the unique solution # of the equation. It follows that {u.} converges to z as ¢ 0.

LemMmA 7. Suppose u,,—>u weak-star in L*(0, T H*) where s > } and 0,u,,— 0,u weak-star in
L?(0, T'; H") for some real . Then there exists a subsequence {u} of {u,} such that #—>« pointwise
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almost everywhere in [0, 7] x R and %04, —>uu, in 2’ ([0, T'] x R) in the usual sense of distribu-
tions (uu, is interpreted as £0,(«?) in case s < 1 and similarly for #,0,u).

Proof. Let {©,,} be an increasing sequence of bounded open intervals in R with U,,2,, = R,
and let H%(£2,) be the Sobolev space of order s, defined for example in (Lions & Magenes 1968,
vol. 1, ch. 1, §9). Since {«,} must be bounded in L*(0, T"; H*), it follows that {u,} is bounded in
L12(0, T;; H*(L,,)) for all m. Further, for all m, {u,} is bounded in L2(0, T; H"(2,,)) where, without
loss of generality, » < 0. (Here and below, «,, = 0,u,.)

As ©Q, is bounded and s > 0, H*(£2,) is compactly imbedded in L,(£2,,). An application of
Lions 1969, ch. 1, théoréme 5.1 shows that L2(0, T; H$(£,,)) is compactly imbedded in
L2(0, T; Ly(L2,,)) = Ly(@,,), where @,, = [0, T] x 2,,, for each m. By using these compact imbed-
dings and an additional diagonalization argument, it is concluded that there is a subsequence

{u;} of {u,} such that for all m,
u;—>u stronglyin L%(Q,,). (A2)

Hence a further diagonalization argument leads to a further subsequence {#} such that (A 2)

holds and w,—>u, pointwise almost everywherein @ = [0, 7] x R. (A3)

To establish the claim, it will suffice to show that #} —>u? in 2'(Q) since differentiation is
a continuous operation in 2'(Q). Hence it must be demonstrated that

T oo
fo J‘_w(u?—iﬂ)cpdxdt—ao as [—o0, (A4)

for any test function ¢ in 2(Q). Since s > }, H*¢, L, andso L*(0, T; H®) ¢, L*(0,T; L) = L*(Q)
Therefore {u} is bounded in L*(0, T"; H*) implies {#;} is bounded in L®(Q), say

|| oy < M forall L (A5)

Then |(u}—u?) | < 2M?p and from (A 3) (uf —u?) 9 >0 pointwise almost everywhere in Q.
Lebesgue’s dominated convergence theorem now establishes (A 4) and completes the proof of
the lemma.

The lemma is applied to the sequence in (A 1) to obtain a subsequence {i} such that for all

T'>0ands>1, uy—>u weak-star in  L®(0, T'; H®),

w—>u' weak-starin L*(0, T; H®), (A6)
W, —>uu, in 2'(Q).

It follows immediately that at least in the sense of distributions {#} converges to a solution u of
the K.—~dV. equation. Since all the % have the initial value g, a simple argument (Lions 1969,
ch. 1, p. 14) shows that # does as well and therefore « is a solution of the K.-dV. initial-value
problem which lies in L*(0, T; H®), for all 7> 0 and s > 0. It then follows inductively from the
differential equation that « is a C* function of (x, ) all of whose partial derivatives belong to L,
for each fixed ¢ > 0.

For such smooth solutions of K.-dV. there is at hand the whole range of polynomial invariants
Iy(u), I (4), ... in (5.36). Proposition 6 thus shows that # is bounded, with all its partial derivatives,
in H uniformly for ¢ > 0.

Now we pass to the second stage of the proof, where it is supposed g is in H* for some & > 1.
Let {g,} be a sequence in H*® such that g, — g strongly in H* (cf. proposition 5 for an explicit

69 Vol. 278. A.
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construction of such smooth approximations). Let , be the smooth solution of the K.-dV.
equation with initial data g,,. It follows from the strong convergence of {g,} to g in H* that

Ie)—~Le) for 0<j<k (A7)
as n—oo. Furthermore, from theorem 2, for any ¢ > 0,
I;(u,) = 1;(8a)- (A8)

It then follows that, independent of z and of ¢ > 0, I;(«,) is bounded for 0 < j < £. By using the
general form of I; given in (5.86) and proceeding inductively from j = 0 as indicated near (5.37)
it may be concluded that |u, | is bounded, independent of z and of ¢ > 0. Thus {u,} is a bounded
sequence in L*(0, co; H*) and hence as in (A 1) and lemma 7, there is a subsequence {,,} of {u,,}
and a u in L*(0, co; H*) such that

u,—>u  weak-starin L®(0,00; H¥),
u,—>u'  weak-starin L*(0,c0; H*3), (A9)

Uy Uy —> Uy, 0 D'([0,00) X R).

It follows that u is a solution of the K.—dV. equation and moreover u(x, 0) = g(x) as one sees by
deducing from (A 9) that ,(x, 0) - u(x, 0) weakly in H*=3 (cf. again Lions 1969, ch. 1, p. 14) and
then recalling that u,(x, 0) = g,(x) = g(x) strongly in H¥.

Uniqueness for the case £ > 2 follows the standard lines given already in the proof of theorem 1.
For the case k£ = 2, a slight amount of care is needed to interpret the argument, but we may safely
refer to the remarks of Temam (1969, pp. 170-171), made for the periodic problem, which carry
over without change to the present situation. The proof of the theorem is now complete.

CoroLLARY 1. The solution « guaranteed by theorem 8 is, after possible modification on a null
set of te R, weakly continuous from R+ to H*.

Proof. This follows by first interpolating to see that « is in C(0,00; H*-%) and then applying
Lions & Magenes (1968, lemma 8.1, ch. 3, p. 297) and the fact u € L*(0, co; H*) to infer the stated
weak continuity.

To obtain the strong continuity in time of the above solution, as in theorem 1, one could use
the first stage of the proof of theorem 8 to establish existence of smooth solutions corresponding
to smooth data, and then use an argument analogous to that given in proposition 5 (e.g. use
(5.10-5.11), etc., with € = § = 0) to show that solutions u,, corresponding to smooth data g,
which approximate g in H* appropriately for £ > 2, are Cauchy in C(0, T; H*) for all T > 0.
It follows that u,, — u strongly in C(0, T; H*) for all T"> 0 and thus « is strongly continuous (it is
the same u as obtained in theorem 8 by the uniqueness result).

Itis of some interest to note that if the argument for existence is made as last outlined, theorem 1
may be improved by taking account in this way of initial data in 2 We thus obtain a slightly
strengthened version of theorem 1 which is stated formally as another corollary.

CoroLLARY 2. Let ge H* for an integer k£ > 2. Then there exists a unique solution # in
C,(0, 00; H*) to the K.-dV. equation with initial value g.

Proof. The improvement comes about from the superior H? estimates one obtains by first
passing to the limit of the regularized equation as ¢ 0 for #* data and then using the K.-dV.
invariants for a priori bounds rather than the direct derivation of 2 bounds given for the regu-
larized equation in proposition 3.
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Specifically, let g H? and let g, be defined as in (5.1) and let «, be the solution of the K.-dV.
initial-value problem for the H® initial data g, guaranteed by theorem 1 or 8. Then as in the
argument proving theorem 8, the first three polynomial invariants for smooth solutions of K.-dV.
can be used to deduce that independently of ¢ in (0, 1] and of ¢ > 0,

llllz < M. (A 10)
From lemma 5 and further polynomial invariants,
[#]losre < Met% as €y 0, (A11)

forall £ > 0. Let 7" > 0 be fixed. Then {u,} is Cauchy in C(0, T'; H?). To see this, let u = u, and
v = uy where e > & > 0say, and let w = 4 —v. Then just asin (5.11), for any j > 0,

© -] t oo
|7 wtyas = 7 myar—2 {7 o+ putlgugdrdr, (A12)
— —00 0J —0
where h(x) = u(x, 0) —v(x,0) = g,(x) —gs(x). From lemma 5 it appears that
|2]o—r = o(e¥*) for £ =0,1,2. (A13)
Applying (A 10) to (A 12) with j = 0 leads to

© t oo @
f whdx < C’Of f w2dx+ k2 dx, (A14)
— 0 0J — —

where Cy = Cy(||u/|s, [|]) is bounded independent of € in (0, 1]. From this it is deduced
]l < [[A]] 3% = o(ed), (A 15)
uniformly for ¢ in [0, 7] as € 0. (A 12) with j = 1 can be expressed as

© © t oo
V()2 =J widx =f h2dx— 2f f [(3w, + 3u,) wh + uww,] dxdr.
0J —o0

— 0 — 00

This generates the inequality
t t
R()? < B0+ G [ R dr 2 o ol i dr
t t
<02 +G,[ Tinrdr+2 sup uly sup ol [ Vi(r)dr.
0 0<isT 0<i<T 0

Here C; = C;(||u]ls, [[v]2) is bounded independent of ¢ in (0, 1]. Now sup [u|; = O(e~t) whereas
sup |w|| = o(e¥) as €| 0. Hence, uniformly on [0, 7]

t t
AU AU A RACR O] RACEE (A16)
0 0
(A 16) then implies immediately the inequality
leoall = Va(2) < llhol| €247 +0(6h) Cr* (et - 1), (A17)
valid for ¢ in [0, T]. (A 13) now comes to our aid and yields
lio] = o(eh) as ey, (A18)

uniformly on [0, 77]. Finally for j == 2 in (A 12), there appears, as in (5.13-5.14),

=] -] { (o
V()2 = f " utaax= f J2, dx—2 f 0 f 7 B0 0+ B 0,0+ g0, s i,

— 00
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598 J. L. BONA AND R. SMITH
There follows
F(0)2 < 002+ Co Tlr)2d7 +6 [ Ml el 7+ 2 [t ] .
where C, is bounded independent of ¢ in (0, 1]. But from (A 11), (A 15) and (A 18),
sup.Jusalulodl < sup_ o] = 0(e4)ofeh) = o(1),

as e 0. Similarly, Sup [#gaellol@]| = O(e73) o(e¥) = o(1),

as e 0. Hence uniformly on [0, T'],
t t
(0? = 10+ o[ Brrdr+o() [ Timy e,
0 0
from which we have  [wg,| = V() < |[hye] €37 +0(1) C3t(e2T —1).

Now (A 13) gives |weal = 0(1) as €{0, (A19)
uniformly for ¢ in [0, 7°].

Then (A 15-A 18, A19) taken in conjunction yield the desired property of {u.} and it is
concluded that u,—u in C(0, T; H?). The argument of theorem 2 then assures that the first three
invariants, [y(«), I;(4) and I,(xz) do not vary with time. It is then just an application of proposi-
tion 6 to conclude u € Cy(0,00; H?). The proof of the corollary is complete.

Continuous dependence results for the /2 case are derived exactly as in theorem 4, and we
may suitably pass over these details. Further existence results can be derived for initial data g in
H* where s > 1 is not necessarily an integer. Results in this direction have been given by Saut
(1974) making use of the nonlinear interpolation theory of Tartar. Additional results will be
givenin a forthcoming publication in which it will be shown thatif g H®where s > 2, then there
corresponds a unique solution of K.-dV. which lies in the function class C(0, T; H®) for any
finite 7" > 0. The proof relies on the present theory and an extension of Tartar’s theory.

AprPENDIX B. THE PERIODIC INITIAL-VALUE PROBLEM

An entirely parallel development can be given for the periodic initial-value problem for the
K.-dV. equation (again expressed in moving coordinates)

Up+ Uy + Uy = 0, u(xa 0) = g(x): (B 1)

where g is a given periodic function with period L, say. It is not intended to present details of
this development, which differ only slightly from the details of the theory for the pure initial-
value problem already considered. However, it may be worth while indicating the outcome of
the analysis and comparing it with the previously obtained results for the periodic initial-value
problem, outlined already in the introduction. In contrast to the pure initial-value problem,
where previous results had lost some control of the spatial derivatives in obtaining a solution,
solutions u in L*(0, T; Hi’,) corresponding to periodic Hf¥, initial data have been shown to
exist, where £ > 1 and T is positive and fixed, but otherwise arbitrary. We shall be able to
strengthen this conclusion, inferring the solutions are in C,(0, co; Hf%;) for periodic Hf, initial
data, k£ > 2. The analysis begins with a new periodic result for the model equation (1.1),
preceding which the spatially periodic versions of the function spaces that have figured thus far
are defined.
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INITIAL-VALUE PROBLEM FOR K.-pV. EQUATION 599

By Hf, = H,(R) is meant the class of real-valued functions defined on R whose restriction
to any bounded interval Jisin H*(I). An element g in H\%, is periodic of period Lifg(x) = g(x+L),
and the collection of all such g is herein denoted Hf. If g is in Hf, then ¥’g(x) = 0/g(x+ L) for
0 <j < £, and conversely, an element fin A%([0, L]) which satisfies these £ periodicity conditions
has a unique extension to an element of Hf. The norm on Hf is the norm of H*([0, L]). Let
v% = C(0, T; Hf) and more generally ¥"%! = CY(0, T; HE).

ProrositioN 16. Let ge Hf where £ > 1 and let 7" > 0. Then there exists a solution z in ¥ %5 ®
to the periodic initial-value problem for (1.1). Furthermore, ue ¥}, and forj > 1, 0jue ¥ %1,

The proof of proposition 16 proceeds exactly as in Benjamin et al. (1972, § 3) supplemented by
our remarks in § 3. The Green function for 7 — 02 on Hf is the same as the Green function on H¥,
and hence the periodic initial-value problem can be recast as an integral equation

) =g+ [ [ Ko=) latn,n) + s} aydr, (82)

where K is as defined in (3.4) and (B 2) is viewed as an operator equation in ¥ %.

The method of proof is to demonstrate existence of a solution in ¥7}, for ¢, sufficiently small by
means of a contraction mapping argument. This solution in the small is then extended to a global
solution in ¥}, by use of the integral invariant

B() = [ Ts, 1) + (s, )] e = B(g) (®3)
forall ¢ > 0. ’
Finally this weak solution is shown to be an element of ¥ by bootstrap arguments as given
in Benjamin et al. (1972, §3) and in the present § 3.
With proposition 16 in hand, define a regularized periodic initial-value problem, just as

before.
U+ Uty + Uy — €Uy = 0, u(x’ O) = g(x)) (B 4)

where g is specified in HF. The transformation (3.2) sends u to a solution v of the periodic initial-
value problem, with period M = ¢-%L,

Vgt Vg + 00y — Upgy = 0, v(x, 0) = 6g<6%x)3 (B 5)

where the initial data in (B 5) is a member of Hj;. Existence of solutions for the problem (B 5) is
concluded by appeal to proposition 16. By following the inverse transformation from (B 5) to
(B 4), existence of solutions « in ¥"% to the periodic initial-value problem (B 4) is obtained.

Now the plan is, as before, to derive a priori bounds for smooth (i.e. HP) solutions of the regu-
larized problem (B 4). This proceeds exactly as in § 4 with no changes worthy of comment. Then
suppose g is specified in Hf, k > 1. Regularize g by a multiplication operation on its Fourier
coefficients. If g ~ X} a; €¥™ kL  then define

8o(x) ~ Zyo(etk) a exmralL, (B 6)

in analogy with (5.1). g is in Hg. A periodic version of lemma 5 holds for the {g,} of course, and
hence the solutions u, of (B 4) posed with initial data g, are smooth and satisfy estimates as in
corollaries 1 and 2 to lemma 5. We may then pass to the limit as €| 0, either weak-star in
L»(0, T; Hf) as in appendix A (only the argument is easier this time since the underlying spatial
domain [0, L] is bounded) or strongly in ¥% as in §5 and, for the case k£ = 2, appendix A.
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600 J. L. BONA AND R. SMITH

A solution u is obtained to the periodic initial-value problem (B 4) for g. Moreover, u depends
continuously in ¥% on g in Hf, as one sees by mimicking the developments in § 6. We have
outlined the proof of the following result.

TuEOREM 10. Let g€ Hf, where £ is a positive integer. Then there exists a solution u, which is
in L°(0, T Hf), for all T > 0, to the periodic initial-value problem (B 4) for g. Ifk > 2, then u is
unique and e ?’%. Furthermore, if £ > 2 and T is fixed, « depends continuously in ¥’% on
gin HYf.

The further developments of § 8 may now be carried over for the periodic 1n1tlal-value problem
with no essential change in detail.
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